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Preface

On the occasion of Ivette’s sixty-fifth birthday, this 3-day Workshop in Ex-
tremes has been organized, embracing also the celebration of 30 years of the
Conference “Statistical Extremes and Applications” at Vimeiro, which became
the “father” of the following EVA meetings. Actually, it is remembered in the
website of EVA2013 as

“it’s been 30 years since the Conference call EVA-zero-th took
place in 1983 in Vimeiro, a small town near the beach in Portugal.”

Ivette was a very active member of the organization of that “extremal event” –
headed by Tiago de Oliveira – and EVT2013 constitutes an excellent opportu-
nity to pay tribute to our colleague and friend, remembering also such a nice
period as that of 1983, from which many people still preserve such good me-
mories. This workshop is intended to be not only for all who took part in the
Vimeiro83 event, but also for all the others who wish to join us. Moreover, this
celebration also takes place under the framework of “2013 - International Year
of Statistics”, creating an opportunity for meeting old and new colleagues in
Statistical Extremes. The aim of this conference is to bring together a diverse
range of researchers and practitioners whose work is related to the analysis of
extreme values in a broad sense.

The workshop has been jointly organized by CEAUL and SPE.
A special acknowledgement to the Instituto Nacional de Estatı́stica for the

support in the printing of this book. To all those involved in making this project
successful our sincere thanks.

M. Isabel Fraga Alves
M. Manuela Neves
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Largest eigenvalues of sample covariance matrix
for p-variate time series of length n with heavy-tails

Richard A. Davis
Department of Statistics, Columbia University, New York, USA
E-mail: davis.richarda@gmail.com

Abstract: We consider the joint limit distribution of the k largest eigenvalues of
a sample covariance matrix based on a p-variate time series of length n under
various scenarios when the dimension p goes to infinity with n. In the first case, the
component series’ represent independent copies of a linear process whose noise have
regularly varying tails with index α ∈ (0,4). It is shown that a point process based on
the eigenvalues of the sample covariance matrix converges in distribution to a Poisson
point process with intensity measure depending on the tail index α and the sum of
squares of the linear coefficients in the filter. Second, we consider the case when there
is linear, as well as limited forms of nonlinear dependence, between the rows. In
case of linear dependence, the limiting distribution of the eigenvalues is given via an
explicit function of the coefficients in the linear filter. We also discuss the extension
of these limiting results to nonlinear time series models including stochastic volatility
and GARCH processes. (This is joint work with Thomas Mikosch, Oliver Pfaffel and
Robert Stelzer.)

Key words and phrases: Random matrix theory, heavy-tailed distribution, random
matrix with dependent entries, largest singular value, sample covariance matrix,
largest eigenvalue, linear process, random coefficient model.
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Modelling Extremes for Complex Events

Anthony Davison
EPFL-FSB-MATHAA-STAT, Station 8, 1015, Switzerland
E-mail: Anthony.Davison@epfl.ch

Abstract: Over the last decade or so, there has been increasing interest in the risks
due to the extremes of complex events, such as widespread flooding, droughts,
wildfires, heatwaves and, last but not least, financial crises. The probabilities of
such multivariate events are difficult to estimate, because data are typically scarse
and extrapolation is even more questionable than in the scalar case. In this talk I
shall attempt to survey recent approaches to modelling extremes of complex events,
using Bayesian and likelihood approaches for inference on max-stable and asymptotic
independence models fitted either to maxima or to threshold exceedances. Some
examples will be described. The work is partially funded by the Swiss National
Science Foundation.

Key words and phrases: Asymptotic independenc, Complex event, Max-stable
process, Random set, Statistics of extremes.
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Penultimate Approximations: Past, Present . . . and
Future?1

M. Ivette Gomes
CEAUL and DEIO, FCUL, University of Lisbon, Portugal
E-mail: ivette.gomes@fc.ul.pt

Abstract: The rate of convergence of the sequence of linearly normalized maxima or
minima to the corresponding non-degenerate extreme value (EV) limiting distribution
for maxima (EVDM) or for minima (EVDm) is a relevant problem in the field of ex-
treme value theory (EVT). Fisher and Tippett (1928) observed that if we approximate
the distribution of the suitably normalized sequence of maxima of normal samples not
by the limiting distribution G0(x) = exp(−exp(−x)), x∈R, but by a sequence of other
EV distributions converging to G0, the approximation is asymptotically improved.
Such approximations are called penultimate or pre-asymptotic approximations and
have been theoretically studied from different perspectives. The modern theory
of rates of convergence in EVT began with Anderson (1971). Developments have
followed several directions. For papers on the subject prior to 1992, see Gomes(1994).
More recently, Gomes and de Haan (1999) derived, for all γ ∈ R, exact penultimate
approximation rates with respect to the variational distance, under von Mises-type
conditions and some additional differentiability assumptions. For a recent short
overview of the subject see Beirlant et al. (2012). Quite recently, this same topic has
been revisited in the field of reliability, where any coherent system can be represented
as either a series-parallel—a series structure with components connected in parallel—
or a parallel-series system—a parallel structure with components connected in series
(see Barlow and Proschan, 1975). Its lifetime can thus be written as the minimum
of maxima or the maximum of minima. For large-scale coherent systems it can be
sensible to assume that the number of system components goes to infinity. Then, the
possible non-degenerate EV laws, EVDM and EVDm, are eligible candidates for the
finding of adequate lower and upper bounds for such a reliability. The identification
of the possible limit laws for the system reliability of homogeneous series-parallel
(or parallel-series) systems has already been done under different frameworks (see
Reis and Canto e Castro, 2009, among others). However, as mentioned above,
it is well-known that in most situations such non-degenerate limit laws are better
approximated by an adequate penultimate distribution, being thus sensible to assess

1Research partially supported by National Funds through FCT — Fundação
para a Ciência e a Tecnologia, projects PEst-OE/MAT/UI0006/2011 and EXTREMA,
PTDC/MAT/101736/2008.
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both theoretically and through Monte-Carlo simulations the gain in accuracy when
a penultimate approximation is used instead of the ultimate one, as performed in
Reis et al. (2012), for regular and homogeneous parallel-series systems, and in
Gomes et al. (2013), for regular and homogeneous series-parallel systems. Moreover,
researchers have essentially considered penultimate approximations in the class of
EVDM or EVDm, but we can easily consider a much broader scope for that type of
approximations, and such a type of models surely deserves a deeper consideration
under statistical backgrounds. Penultimate models seem to be possible and interesting
alternatives to the classical models but have never been deeply used in the literature.

References
1. Anderson, C.W. (1971). Contributions to the Asymptotic Theory of Extreme

Values, Ph.D. Thesis, University of London.

2. Barlow A.A. and Proschan, F. (1975). Statistical Theory of Reliability and Life
Testing: Probability Models, Holt, Rinehart and Winston, Inc., USA.

3. Beirlant, J., Caeiro, F. and Gomes, M.I. (2012). An overview and open research
topics in the field of statistics of univariate extremes. Revstat, 10:1, 1–31.

4. Fisher, R.A. and Tippett, L.H.C. (1928). Limiting forms of the frequency distri-
butions of the largest or smallest member of a sample, Proc. Camb. Phil. Soc.,
24, 180–190.

5. Gomes M.I. (1994). Penultimate behaviour of the extremes. In: J. Galambos et
al. (eds.) Extreme Value Theory and Applications. Kluwer Academic Publish-
ers, 403–418.

6. Gomes, M.I. and de Haan, L. (1999). Approximations by extreme value distri-
butions, Extremes, 2:1, 71–85.

7. Gomes, M.I., Reis, P., Canto e Castro, L. and Dias, S. (2013). Reliability Con-
trol of Complex Systems Through Penultimate Approximations. IFAC Proceed-
ings, in press.

8. Reis, P. and Canto e Castro, L. (2009). Limit model for the reliability of a
regular and homogeneous series-parallel system, Revstat, 7:3, 227–243.

9. Reis, P., Canto e Castro, L. Dias, S. and Gomes, M.I. (2012). Penultimate Ap-
proximations in Statistics of Extremes and Reliability of Large Coherent Sys-
tems, Notas e Comunicações CEAUL 14/2012, under submission.
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On the Cosmetics of Exceedance Point Process and
Related Theory since 1983

Ross Leadbetter
Department of Statistics and Operations Research, University of North Carolina at
Chapel Hill, USA
E-mail: mrl@email.unc.edu

Abstract: The time surrounding the seminal Vimeiro meeting was one of considerable
activity for the development of limit theory for exceedances of extreme levels by
stationary sequences, extending the Poisson limiting results listed for example in the
monograph [1]. In particular T. Hsing, J. Huesler, and the present speaker extended
the Poisson results to deal with stationary sequences having higher local dependence.
These included, for example, Compound Poisson limits for exceedances when the
“extremal index” exists but may be less than one, the multiplicities then arising from
coalescing of exceedance clusters. The tool kit for these results (published in 1988
and 1990), was largely provided by the account of Random Measure theory provided
in the then quite recent comprehensive (indeed “biblical”) work and book by O.
Kallenberg. Since that time we have incorporated these and a variety of subsequent
related results, into lectures on Extreme Value Theory given periodically for graduate
students. These include for example discussions of cluster positions, of excess values
in clusters (relevant to tail estimation), maximum values in clusters (“Peaks over
Thresholds”) and their relationships with domain of attraction criteria. This body of
related results now has a “geodesic treatment” which seems natural to us, extending
certain topics in [1]. We take this opportunity to revisit this sequence of results in its
more complete form, recognizing that others will have used similar treatments in their
classes, or even publications of which we are unaware. In particular it is a pleasure
to thank Juerg Huesler who has pointed us to the third edition of [2], containing
similar theory intersecting with ours, under standard conditions needed for further
non-stationary extension. We restrict our attention to stationarity for didactic reasons
and natural application particularly with use of the “extremal index”.

References
1. Lindgren, G., Leadbetter, M.R. and Rootzén, H. (1983). Extremes and related

properties of stationary sequences and processes, Springer Series in Statistics,
Springer. New York.
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2. Falk, M., Hüsler, J. and Reiss, R.-D. (2011). Laws of Small Numbers: Extremes
and Rare Events, 3 ed., Springer.
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Design Life Level: quantifying risk in a changing
climate

Holger Rootzén
Department of Mathematical Statistics, Chalmers and Gothenburg University,
Sweden
E-mail: hrootzen@chalmers.se

Richard W. Katz
National Center for Atmospheric Research, Boulder, CO 80307, USA

Abstract: In the past, the concepts of return levels and return periods have been
standard and important tools for engineering design. However, these concepts are
based on the assumption of a stationary climate and do not apply to a changing
climate, whether local or global. In this talk I discuss a refined concept, Design Life
Level, which quantifies risk in a non-stationary climate and can serve as the basis for
communication. In current practice, typical hydrologic risk management focuses on a
standard (e.g., in terms of a high quantile corresponding to the specified probability of
failure for a single year). Nevertheless, the basic information needed for engineering
design should consist of: (i) the design life time period (e.g., the next 50 yrs., say
2015-2064); and (ii) the risk (e.g., 5% chance) of a hazardous event (typically, in the
form of the hydrologic variable exceeding a high level) occurring during the design
life time period. Capturing both of these design characteristics, the Design Life Level
is defined as an upper quantile (e.g., 5%) of the distribution of the maximum value of
the hydrologic variable (e.g., water level) over the design life time period. We relate
this concept and variants of it to existing literature and illustrate how they, and some
useful complementary plots, may be computed and used. One practically important
consideration concerns quantifying the statistical uncertainty in estimating a high
quantile under non-stationarity.

Key words and phrases: design criteria, climate change, non-stationary, extreme
value statistics, return level, return period, exceedance risk.
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2.1 Session 1: Statistics for Univariate Extremes

Organizer:

• Armelle Guillou — University of Strasbourg, France

Invited Speakers:

– Jan Beirlant — Catholic University of Leuven, Belgium

– Stéphane Girard — LJK & Inria Grenoble Rhône-Alpes, France

– Jürg Hüsler — University of Bern, Switzerland
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An Overview and Open Research Topics in
Statistics of Univariate Extremes

Jan Beirlant
Catholic University of Leuven, Belgium
E-mail: Jan.Beirlant@wis.kuleuven.be

Abstract: This talk focuses on statistical issues arising in modeling univariate
extremes of a random sample. In the last three decades there has been a shift from
the area of parametric statistics of extremes, based on probabilistic asymptotic results
in extreme value theory, towards a semi-parametric approach, where the estimation
of the right and/or left tail-weight is performed under a quite general framework.
But new parametric models can still be of high interest for the analysis of extreme
events, if associated with appropriate statistical inference methodologies. After a brief
reference to Gumbels classical block methodology and later improvements in the
parametric framework, we present an overview of the developments on the estimation
of parameters of extreme events and testing of extreme value conditions under a
semi-parametric framework, and discuss a few challenging open research topics.
This work is in collaboration with Frederico Caeiro and Ivette Gomes.
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Nonparametric estimation of extreme risks from
heavy-tailed distributions

Stéphane Girard
LJK & Inria Grenoble Rhône-Alpes, France
E-mail: stephane.girard@inrialpes.fr

Abstract: Value-at-risk, conditional tail expectation [1], conditional value-at-risk
[4] and conditional tail variance [5] are classical risk measures. For instance,
the value-at-risk is defined as the upper α-quantile of the loss distribution where
α ∈ (0,1) is the confidence level. In this communication, we pro- pose nonparametric
estimators of these risk measures for extreme losses, i.e. when α → 0 and in the case
of heavy-tailed distributions depending on covariates. Let us note that the presence of
covariates in extreme value theory has already been investigated for instance in [2, 3].
The asymptotic distribution of the estimators is established and their finite sample
behavior is illustrated both on simulated data and on a real data set of daily rainfalls
in the Cevennes-Vivarais region (France).
This is joint work with Jonathan El Methni (LJK & Inria Grenoble Rhône-Alpes) and
Laurent Gardes (University of Strasbourg).

Key words and phrases: Conditional tail expectation, heavy-tailed distributions,
kernel estimator, risk measures, conditional quantiles.

References
1. Artzner, P., Delbaen, F., Eber, J.M., and Heath, D. (1999). Coherent measures

of risk, Mathematical Finance, 9, 203-228.

2. Daouia, A., Gardes, L., Girard, S. and Lekina, A. (2011). Kernel estimators of
extreme level curves, Test, 20, 311-333.

3. Daouia, A., Gardes, L. and Girard, S. (2013). On kernel smoothing for extremal
quantile regression, Bernoulli, to appear.

4. Rockafellar, R.T., Uryasev, S. (2000). Optimization of conditional value- at-
risk, Journal of Risk, 2, 21-42.

5. Valdez, E.A. (2005). Tail conditional variance for elliptically contoured distri-
butions, Belgian Actuarial Bulletin, 5, 26-36.
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Estimation of the extreme value parameters with
interval censored and non-censored data

Jürg Hüsler
Dept. of Math. Satistics, University of Bern, Switzerland
E-mail: juerg.huesler@stat.unibe.ch

Jasmin Wandel
Dept. of Math. Satistics, University of Bern, Switzerland

Abstract: When historical extreme measurements exist, they are typically not
accurate. They are usually known to be bounded by upper and lower values. It means
we have interval-censored data. These data are combined with accurate measurements
which are not historical and are more recently collected. This situation is motivated
by a real data example with historical data. We deal with several approaches for
the estimation of the parameters of the distribution tail in such a case. We focus on
robust estimation and also possible maximum likelihood approaches. The different
estimation methods are compared analytically and by simulations.
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2.2 Session 2: Extremes in Finance and Insurance

Organizers:

• Paul Embrechts — ETH Zurich, Switzerland

• Valérie Chavez-Demoulin — Université de Lausanne, Switzerland

Invited Speakers:

– Valérie Chavez-Demoulin – Université de Lausanne, Switzerland

– Alexandra Dias — University of Leicester, UK

– Marie Kratz — ESSEC Business School, France
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High-frequency financial data modeling using
Hawkes processes

Valérie Chavez-Demoulin
Faculty of Business and Economics, University of Lausanne, Switzerland
E-mail: valerie.chavez@unil.ch

Abstract: We propose a marked point process model for the excesses of high
frequency time series over a high threshold that combines Hawkes processes for the
exceedances with a generalized Pareto distribution model for the marks (exceedance
sizes). Risk measures such as intraday Value-at-Risk (VaR) are of interest for market
participants involved in high-frequency trading. The conditional approach features
intraday clustering of extremes and is used to calculate instantaneous conditional VaR.
Maximum likelihood estimation is computationally intensive; we use a differential
evolution genetic algorithm to find adequate starting values for the optimization
process. The models are backtested on real data.
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The economic value of controlling for large losses
in portfolio selection

Alexandra Dias
School of Management, University of Leicester, U.K.
E-mail: ad313@leicester.ac.uk

Abstract: During financial crises equity portfolios have suffered large losses.
Methodologies for portfolio selection taking into account the possibility of large
losses have existed for decades but their economic value is not well established. This
article investigates the economic value in reducing the probability of large losses
in portfolio selection. We combine mean-variance analysis with semi-parametric
estimation of potential portfolio large losses. We find that strategies that reduce
the probability of large losses outperform efficient minimum variance portfolios,
especially when semi-parametric estimation is used. Our results are robust to
transaction costs.

Key words and phrases: portfolio selection, portfolio tail probability, Extreme Value
Theory, risk management.
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A shifted CLT: an alternative solution to correctly
estimate in a Gaussian realm the VaR in presence

of heavy tails

Marie Kratz
ESSEC Business School, Paris, France
E-mail: kratz@essec.edu

Abstract: Basel II and Solvency 2 both use VaR as risk measure to compute Capital
Requirements. In practice, to calibrate the VaR, a normal approximation is often
chosen for the unknown distribution of the yearly log returns of financial assets.
This is usually justified by the use of the CLT, when assuming aggregation of iid
observations in the portfolio model. Such a choice of modeling, in particular using
light tail distributions, has proven during the crisis of 2008/2009 to be an inadequate
approximation when dealing with the presence of extreme returns; as a consequence,
it leads to a gross underestimation of the risks. The main objective of our study is
to obtain better evaluations of risk measures when working on financial data under
the presence of heavy tail and to provide practical solutions for accurately estimating
high quantiles of aggregated risks. We propose a new tool to handle this problem, a
shifted CLT, which allows to stay in the realm world, well known by practitioners,
while giving a better estimation of the risk. This approach, based on properties of
upper order statistics, is illustrated numerically and compared with existing methods.
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2.3 Session 3: Spatial Extremes

Organizers:

• Jonathan Tawn — Lancaster University , UK

• Ben Shaby — University of California, Berkeley, US

Invited Speakers:

– Paul Northrop — University College London, UK

– Simone Padoan — University of Milan, Italy

– Ben Shaby — University of California, Berkeley, US
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Marginal modelling of spatially-dependent
non-stationary extremes

Paul J. Northrop
Department of Statistical Science, University College London, UK
E-mail: p.northrop@ucl.ac.uk

Abstract: We describe a threshold-based approach for modelling spatial variation
in the marginal extremal behaviour of a variable of interest. In particular, we have
in mind a situation, such as the design of a marine structure, where a single spatial
location is of particular interest and there is potential benefit in pooling information
from other locations in the region. In such a situation the form of any spatial
dependence is not of intrinsic interest but inferences should be adjusted appropriately
for dependence: we do this using [1]. We use quantile regression ([2]) to set a
spatially-varying threshold and consider how the quantile regression model and the
non-homogeneous Poisson process extreme value model should be parameterised, in
order that they are compatible. We illustrate the approach using time series of storm
peak significant wave heights from 72 sites in the Gulf of Mexico. This talk is based
largely on [3] and its discussion [4, 5, 6].

References
1. Chandler, R. E. and S. B. Bate (2007). Inference for clustered data using the

independence loglikelihood. Biometrika, 94(1), 167–183.
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“Threshold modelling of spatially dependent non-stationary extremes with ap-
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plication to hurricane-induced wave heights” by P. J. Northrop and P. Jonathan
Environmetrics, 22(7), 810–812.

5. Cooley, D. (2011). Discussion of “Threshold modelling of spatially dependent
non-stationary extremes with application to hurricane-induced wave heights”
by P. J. Northrop and P. Jonathan Environmetrics, 22(7), 812–813.
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Multivariate Spatial Extremes

Marc G. Genton
CEMSE Division, King Abdullah University of Science and Technology, Saudi Arabia

Simone A. Padoan
Department of Decision Sciences, Bocconi University, Milan, Italy
E-mail: simone.padoan@unibocconi.it

Huiyan Sang
Department of Statistics Texas A&M University, USA

Abstract: We extend some theoretical results and application of max-stable processes
to the multivariate setting in order to analyze extreme events of several variables
jointly, observed over space. First, we study the maxima of independent replicates of
multivariate Gaussian processes. We describe two important examples and discuss
possible cross-correlation models. Second, we define a Poisson process construction
in the multivariate setting and introduce multivariate versions of the Smith Gaussian
extreme-value, the Schlather Extremal Gaussian, and the Brown-Resnick models.
We discuss inferential aspects for those models based on composite likelihoods,
multivariate extremal coefficients and madograms. We report the results of various
Monte Carlo simulations and present an application to a real dataset.

Key words and phrases: Composite likelihood, Cross-correlation, Madogram,
Max-stable process, Multivariate, Spatial extremes.
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Fully Bayesian inference for spatial extremes using
hierarchical extreme value processes

Benjamin A. Shaby
Department of Statistics, Pennsylvania State University, USA
E-mail: bshaby@stat.berkeley.edu

Brian J. Reich
Department of Statistics, North Carolina State University, USA

Abstract: We describe an approach for constructing spatial max-stable models
through a hierarchical representation that conditions on latent positive stable random
variables. This class of models approximates and extends known spatial max-stable
processes and, critically, is amenable to fully Bayesian inference through MCMC.
Moreover, this hierarchical framework provides a foundation that can be extended in a
fairly straightforward way to produce, for example, multivariate extreme value fields,
or fields with more flexible spatial dependence structures.

Key words and phrases: Max-stable process, Spatial statistics, Markov chain Monte
Carlo.
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2.4 Session 4: Multivariate Extremes
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Testing for a δ -neighborhood of a generalized
Pareto copula process1

Stefan Aulbach
Department of Mathematics, University of Würzburg, Germany
E-mail: stefan.aulbach@uni-wuerzburg.de

Michael Falk
Department of Mathematics, University of Wuerzburg, Germany

Abstract: It is a well-known fact that a multivariate distribution function F is in the
max-domain of attraction of an extreme value distribution if and only if this is true for
the copula C corresponding to F and its univariate margins. Furthermore Aulbach et
al. (2012) [1] have shown that a copula satisfies the extreme value condition if and only
if the copula is tail equivalent to a generalized Pareto copula (GPC). A more specific
condition, namely whether C is in some δ -neighborhood of a GPC, can be tested in
arbitrary dimensions by means of a χ2-goodness-of-fit test. We propose an extension
of this test to function space, considering copula processes U in C[0,1], the set of all
continuous functions defined on the compact unit interval. Therefore we test whether
U satisfies

P(U≤ 1+ c f ) = P(V≤ 1+ c f )+O(c1+δ ), f ∈ E−[0,1],

as c ↓ 0 where V is a generalized Pareto copula process, δ > 0, and E−[0,1] is the set
of all real valued and bounded functions on [0,1] attaining only non-positive values
and having at most a countable set of discontinuities.

Key words and phrases: Functional max-domain of attraction, max-stable processes,
D-norm, copula processes, sojourn time, chi-square goodness-of-fit test, multivariate
max-domain of attraction, multivariate extreme value distribution, empirical copula,
generalized Pareto copula.

1Research of the first author is supported by DFG grant FA 262/4-2.
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Multivariate Pareto distributions: properties and
examples2

Ana Ferreira
DCEB, ISA/UL, CEAUL, Portugal
E-mail: anafh@isa.utl.pt

Laurens de Haan
Erasmus University Rotterdam, The Netherlands, CEAUL, Portugal

Abstract: In extreme value statistics, the widely used peaks-over-threshold method
is based on the generalized Pareto distribution (Balkema and de Haan (1974) [1],
Pickands (1975) [7] in univariate theory) and has been recently discussed in the
multivariate setting in Falk, Hüsler and Reiss (2010) [2] and Rootzén and Tajvidi
(2006) [8]. In particular we find characterizations of probabilities of exceedances
over high thresholds. We shall present new characterizations for the related Pareto
random vectors, which encompass these earlier ones; our results are motivated by
recent results on generalized Pareto processes, cf. Ferreira and de Haan (2012) [3].
We shall discuss some properties and examples of Pareto random vectors.

Key words and phrases: Multivariate Pareto distributions, peaks-over-threshold, tail
dependence.

1. Introduction

In its simplest form the basis of the peaks-over-threshold method, in a univari-
ate context, might be the following equivalence:

A distribution function F is in the maximum domain of attraction of some
generalized extreme value distribution GEVγ (cf. Fisher and Tippet (1928) [4],
Gnedenko (1943) [5]) if and only if there exists a positive function f such that

lim
t→x∗

P(X > t + x f (t)|X > t) = (1+ γx)−1/γ , 1+ γx > 0, (2.1)

2Research partially supported by FCT- PEst-OE/MAT/UI0006/2011 and FCT Project
PTDC /MAT /112770 /2009.



36 INVITED ORGANIZED SESSIONS

where x∗ = sup{x : F(x) < 1} (Balkema and de Haan (1974) [1], Pickands
(1975) [7]). That is, we have that above some high threshold t we get a Pareto
tail in the limit; recall the well-known generalized Pareto (GP) distribution,

Fσ ,γ(y) = 1−
(

1+ γ
y
σ

)−1/γ

, 1+ γ
y
σ

> 0, y > 0, σ > 0, γ ∈ R

(read e−y/σ , y ∈ R, if γ = 0).
Rootzén and Tajvidi (2006) [8] have given a multivariate version of these

two results. In the following we present an alternative approach, motivated
by recent results on generalized Pareto processes, cf. Ferreira and de Haan
(2012) [3]. In particular our approach should widen the scope of Pareto random
vectors, as one is able to understand them further.

For notation we shall use in the following: B (·) denotes the Borel subsets
of a metric space, all operations with vectors are taken componentwise and 1 is
the d-dimensional vector with all components equal to 1, and x+ = max(0,x)
for any real x.

2. Characterizations of Pareto random vectors
Let W = (W1, . . . ,Wd) be a random vector in Rd and denote ‖W‖ =
max1≤i≤d Wi. To characterize probabilities of exceedances over high thresh-
olds in the multivariate setting, we should first agree on what should be a high
threshold. It has been the most common in the literature to define it through
the maximum.

It is convenient to study first generalized Pareto processes in a standard-
ized form. The next result characterizes what we call ‘simple Pareto random
vectors’:.

Theorem 2.1. Let W = (W1, . . . ,Wd) be a random vector in Rd
+ = [0,∞)d and

ω0 a positive constant. The following three statements are equivalent:

1. (a) E (Wi/‖W‖) > 0 for all i = 1, . . . ,d,

(b) P(‖W‖/ω0 > x) = x−1, for x > 1 (standard Pareto distribution),

(c)

P
(

ω0 W
‖W‖

∈ B
∣∣‖W‖> rω0

)
= P

(
ω0 W
‖W‖

∈ B
)

, (2.2)

for all r > 1 and B ∈B
(
D̄+

ω0

)
with D̄+

ω0
:= {w ∈ Rd

+ : ‖w‖= ω0}.
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2. (a) P(‖W‖> ω0) = 1,

(b) E (Wi/‖W‖) > 0 for all i = 1, . . . ,d,

(c)
P(W ∈ rA) = r−1P(W ∈ A), (2.3)

for all r > 1 and A ∈B
(
D+

ω0

)
with D+

ω0
:= {w ∈ Rd

+ : ‖w‖ ≥ ω0}.

3. W = Y V, for some Y and random vector V = (V1, . . . ,Vd) ∈ Rd
+ verify-

ing:

(a) ‖V‖= ω0 a.s., and EVi > 0 for all i = 1, . . . ,d,

(b) Y is a standard Pareto random variable, FY (y) = 1−1/y, y > 1,

(c) Y and V are independent.

Given the previous setting, we define next simple Pareto random vectors:

Definition 2.1. The random vector W∈Rd
+ characterized in Theorem 2.1, with

threshold parameter ω0, is called simple Pareto.

We note that one can obtain formulas for distribution functions of W simi-
larly as in Ferreira and de Haan (2012) [3].

Definition 2.2. The generalized Pareto random vector Wµ,σ ,γ ∈ Rd , i.e. with
extreme value index vector γ = (γ1, . . . ,γd) and, location and scale vector pa-
rameters µ = (µ1, . . . ,µd) and σ = (σ1, . . . ,σd) > 0 respectively, is given by:

Wµ,σ ,γ = µ +σ
Wγ −1

γ
(2.4)

with W a simple Pareto process.

Finally, we mention a domain of attraction result in a form useful for appli-
cations.

Let X∈Rd be F distributed. Recall that a multivariate distribution function
F is in the maximum domain of attraction of some multivariate extreme value
distribution G = G(γ1,...,γd) if, for sequences an = (a1,n, . . . ,ad,n) > 0 and bn =
(b1,n, . . . ,bd,n),

lim
n→∞

Fn(anx+bn) = G(x)

for all x ∈ Rd (cf. de Haan and Ferreira (2006) [6], Chapter 6), where we
assume that the normalizing constants are w.l.g. chosen in such a way that each
marginal of G has the form exp(−(1+ γix)−1/γi for all x ∈ R with 1+ γix > 0,
i = 1, . . . ,d.
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Theorem 2.2. F is in the maximum domain of attraction of some multivariate
extreme value distribution if and only if

lim
n→∞

P
(
TnX ∈ A

∣∣‖TnX‖> 1
)

= P(W ∈ A),

with TnX =
(

1+ γ
X−bn

an

)1/γ

+
, A ∈B

(
D+

1
)
, P(∂A) = 0 and W simple Pareto

random vector (with ω0 = 1).
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série aléatoire. Ann. Math., 44, 423-453.

6. de Haan, L. and Ferreira, A. (2006). Extreme Value Theory: An Introduction.
Springer, Boston.

7. Pickands, J. III (1975). Statistical inference using extreme order statistics. Ann.
Statist., 3, 119-131.

8. Rootzén , H. and Tajvidi, N. (2006). Multivariate generalized Pareto distribu-
tions. Bernoulli, 12, 917-930.



2.4. SESSION 4: MULTIVARIATE EXTREMES 39

Extremal properties of M4 processes3

Helena Ferreira
Department of Mathematics, University of Beira Interior, Covilhã, Portugal
E-mail: helena@mat.ubi.pt

Ana P. Martins
Department of Mathematics, University of Beira Interior, Covilhã, Portugal

Abstract: Multivariate Maxima of Moving Maxima processes, or M4 for short, de-
fined by

Xn j =
∨
l≥1

∨
−∞<k<+∞

αl,k, jZl,n−k, j, j = 1, . . . ,d, n≥ 1,

for nonnegative constants {αl,k, j, l ≥ 1, −∞ < k < +∞, 1 ≤ j ≤ d} satisfying
∑

+∞

l=1 ∑
+∞

k=−∞
αl,k, j = 1, j = 1, . . . ,d, and {Zl,n = (Zl,n,1, . . . ,Zl,n,d)}l≥1, −∞<n<+∞ a se-

quence of independent random vectors with unit Fréchet margins, are very flexible
models for temporally dependent multivariate extreme value processes.

The case where Zl,n, j = Zl,n, j = 1, . . . ,d, was considered by Smith and Weissman
(1996). In contrast to this case, Martins and Ferreira (2005) considered the sequences
{Zl,n, j}l≥1, −∞<n<+∞, j = 1, . . . ,d, to be independent, i.e., the vectors Zl,n with inde-
pendent margins.

We extend this M4 class by considering innovations Zl,n with totally dependent
margins for certain values of l - l ∈ I1 - and independent margins for the remaining
values of l - l ∈ I2. This produces a d−dimensional process whose extremal depen-
dence, measured by the tail dependence coefficients, lies between the two previous
cases. We study the extremal behaviour of such a process. Its extremal dependence is
evaluated through the computation of its tail dependence coefficients and of the limit-
ing distribution H of the vector (Mn1 =

∨n
i=1 Xid , . . . ,Mnd =

∨n
i=1 Xid).

We compute the extremal index of {Xn = (Xn1, . . . ,Xnd)}n≥1, which gives us infor-
mation of the tendency for clustering of high values of this sequence as well as of its
marginal sequences. The effect of the dimensions of I1 and I2 on the concordance of H
is analyzed. We define and evaluate measures of the contagion effect of the occurrence
of rare events in a margin of Xn, n≥ 1, on the same occurrences in the other margins.

Finally we illustrate the results by simulating the M4 processes considered and
calculating the values of the different dependence coefficients.

3We acknowledge the support from research unit “Centro de Matemática” of the University
of Beira Interior, the research project PTDC/MAT/108575/2008 through the Foundation for
Science and Technology (FCT) co-financed by FEDER/COMPETE.
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Key words and phrases: Multivariate extremes, M4 processes, tail dependence,
extremal index, co-movement index.
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On certain characteristic properties of the
exponential distribution based on maxima in small

samples

Barry C. Arnold
Department of Statistics, University of California, Riverside, USA
E-mail: barry.arnold@ucr.edu

Jose A. Villasenor
Department of Statistics, Colegio de Postgraduados, Montecillo, Mexico.

Abstract: The consequences of assuming orthogonal rather than independent spacings
in an exponential sample of size 2 are investigated. A spectrum of characterizations
related to the fact that in such a sample, the maximum has the same distribution as a
linear combination of the two observations are discussed. Some extensions to samples
of larger sizes are indicated.

Key words and phrases: spacings, orthogonal, order statistics.
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Asymptotic properties of tail estimators under
strong mixing1

Margarida Brito
CMUP & FCUP, Universidade do Porto, Portugal
E-mail: mabrito@fc.up.pt

Ana Cristina M. Freitas
CMUP & FEP, Universidade do Porto, Portugal

Abstract: We consider the problem of estimating the tail-Pareto index of a distribution
under dependence. We assume here strong mixing type conditions adapted to this
context and focus on the asymptotic behaviour of geometric-type estimators and the
rich family of j-moment ratio estimator.

Key words and phrases: asymptotic normality, mixing conditions, parameter
estimation, tail indices.

1. Introduction
Let {Xi} be a sequence of random variables with common distribution function G
satisfying

G(x) := 1−G(x) = P(X1 > x) = x−RL(x), x > 1, (3.1)

where L is a slowly varying function at infinity and R is a positive constant.
The estimation of R or related tail indices, in the independent context, has been

much studied and several estimators have been proposed in the literature. One widely
used estimator for 1/R is the Hill estimator

Ĥ(kn) =
1
kn

kn

∑
i=1

logXn−i+1,n− logXn−kn,n,

1Research partially supported by FCT project PTDC/MAT/120346/2010 and the European
Regional Development Fund through the programme COMPETE and by the Portuguese Gov-
ernment through the FCT - Fundação para a Ciência e a Tecnologia under the project PEst -
C/MAT/UI0144/2011.
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where X1,n ≤ X2,n ≤ . . . ≤ Xn,n denote the order statistics of the sample X1,X2 . . . ,Xn

and kn is a sequence of positive integers satisfying

1≤ kn < n, lim
n→∞

kn = ∞ and lim
n→∞

kn/n = 0. (3.2)

The statistical properties of Ĥ(kn) are well known and several modified versions
or extensions of Ĥ(kn) have been proposed. We recall the interesting and rich family
of estimators, the family of j-moment ratio estimator (cf. Danielsson et al. (1996) [1])

Ŵj =
u j(Xn−kn,n)

ju j−1(Xn−kn,n)
,

where

u j(sn) =
1
kn

kn

∑
i=1

(
log

Xn−i+1,n

sn

) j

,

for j = 1,2, . . ., and u0(sn) = 0. For the particular case j = 1, Ŵ1 is the Hill estimator.
Other type of estimators of the tail coefficient R have been proposed by Schultze

and Steinebach (1996) [7], in the i.i.d. case. The estimators proposed are of least
square type, denoted by R̂1(kn), R̂2(kn) and R̂3(kn). Brito and Freitas (2003) have
introduced a geometric-type estimator of R, R̂(kn), which is related to the least square
estimators R̂1(kn) and R̂3(kn) and defined by

R̂(kn) =

√√√√√√ ∑
kn
i=1 log2(n/i)− 1

kn

(
∑

kn
i=1 log(n/i)

)2

∑
kn
i=1 logX2

n−i+1,n−
1
kn

(
∑

kn
i=1 logXn−i+1,n

)2 .

These estimators have important asymptotic properties. In the i.i.d. case, the con-
sistency properties are well known. Moreover, under some regularity conditions, these
estimators and related versions have an asymptotic normal distribution when properly
normalized.

For practical applications, the independence assumption is very restrictive.
Here, we address this important problem of estimating the tail coefficient R of the

family (3.1), based on eventually dependent random variables. This problem has been
investigated by several authors, including Resnick and Stărică (1998) [6], Hill (2009)
[4] and Hsing (1991) [5]. These works are mainly concerned with the behaviour of the
Hill estimator.

Brito and Freitas (2010) [3] established the consistency of the geometric-type es-
timator R̂(kn) and of the moment ratio estimator Ŵ2, under general assumptions for
strictly stationary sequences satisfying certain mixing conditions. In this work, we
consider the weak limiting behaviour and establish the asymptotic normality of the
suitable normalized R̂(kn). This study is presented in the following Section.
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2. Limiting behaviour under strong mixing
For simplifying the presentation, it is convenient to introduce some notation. For x∈R,
x+ denotes max(x,0) and x− denotes max(−x,0).

We write
Yni := (logXi− logb(n/kn))+

and
Ini(ε,a) := I(logXi− logb(n/akn) > ε),

where the function b is defined by

b(t) := G−1 (1−1/t) , t > 1. (3.3)

We recall the strong-mixing condition for a stationary sequence, {ξi}:

α(l,(ξi)) := sup{ | P[A∩B]−P[A]P[B]| : (3.4)

A ∈F j
1{ξi},B ∈F ∞

j+l+1{ξi}, j > 1
}
→ 0

as l→∞, where F s
r {ξi} denotes the σ -field σ{ξi : r ≤ i≤ s} and F ∞

r {ξi} the σ -field
σ{ξi : i≥ r}.

Brito and Freitas (2010) [3] established the consistency of the geometric-type es-
timator R̂(kn) for strictly stationary sequences satisfying mixing conditions adapted to
this context.

Moreover, a simplified sufficient condition for consistency, appropriate for appli-
cations is also derived. This condition is only based on the mixing sequences as stated
in the following result.

Theorem 3.1. (Brito and Freitas (2010)) Assume that G satisfies (3.1). Let {Xi} be a
strictly stationary sequence and kn a sequence of positive integers satisfying (3.2).

Suppose that for each of the following Tni: Tni = Yni and Tni = Ini(ε,a), there exists
a sequence rn of positive integers such that rn/kn→ 0 and lnα(rn,{Tni})→ 0 as n→∞.
Then, both estimators, 1/Ĥ(kn) and R̂(kn), converge to R in probability.

The above result also holds for the moment-ratio estimator.

Corollary 3.1. (Brito and Freitas (2010)) Under the conditions stated in Theorem 3.1,
1/Ŵ2 is a consistent estimator of R.

Remark that, the result includes the important particular case of m-dependence.

In this work, we establish the asymptotic normality of the geometric-type estima-
tor R̂(kn), under some general conditions. We consider as before, strictly stationary
sequences satisfying mixing conditions adapted to the context of the estimation of tail
parameters. Namely, we take adequate sequences rn, while ξi are defined as appropri-
ate functionals of the r.v.’s Xi.
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Adaptive estimation of a shape second-order
parameter2
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Abstract: In extreme value theory, the shape second-order parameter is an important
parameter related to the speed of convergence of maximum values, linearly nor-
malised, towards its limit law. The adequate estimation of this parameter is vital for
improving the estimation of any first order parameter. We consider the recent class of
semi-parametric estimators of the shape second-order parameter in Caeiro and Gomes
(2012), dependent on a real tuning parameter which affects the asymptotic bias. We
propose and study an adaptive choice of such tuning parameter. We also illustrate the
performance of the recent estimator comparatively to the classical one in Fraga Alves
et al. (2003).

Key words and phrases: heavy tails, second-order parameter, semi-parametric
estimation.

1. Introduction
In statistics of extremes we are usually concerned in making inference about
parameters related to the tails of the distribution F underlying the sample data.
When we work with right tails the most important parameter is the extreme
value index (EVI), denoted γ , which is the shape parameter in the extreme value
(EV) distribution function (d.f.), EVγ(x) := exp(−(1 + γx)−1/γ), 1 + γx > 0.
The EV d.f. is the limiting d.f. of the maximum suitably linearly normalised
of independent, identically distributed (i.i.d.), or possibly weakly dependent

2Research partially supported by National Funds through FCT – Fundação para a Ciência
e a Tecnologia, projects PEst-OE/MAT/UI0006/2011 (CEAUL), PEst-OE/MAT/UI0297/2011
(CMA/UNL) and EXTREMA, PTDC/MAT/101736/2008.
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random variables (r.v.’s), whenever such a non-degenerate limit exists. We
then say that F is in the domain of attraction for maximum values of the EVγ

d.f. and use the notation F ∈ DM(EVγ). We shall deal with heavy-tails, i.e. a
positive EVI. Then, the right-tail reciprocal quantile function defined as

U(t) := F←(1−1/t) = inf{x : F(x)≥ 1−1/t}, t > 1,

is of regular variation with an index of regular variation equal to γ (de Haan
1984), i.e.

F ∈ DM(EVγ), γ > 0 ⇐⇒ lim
t→∞

U(tx)/U(t) = xγ , ∀ x > 0. (3.5)

Several classical EVI-estimators are based on the k largest order statistics. The
choice of the number of top-order statistics to use is not easy, since we have a
strong asymptotic bias for moderate up to large values of k and a big variance
for small k. To improve the estimation of the EVI or other related parameters,
we usually need to deal with the estimation of a second-order parameter, ρ .
This parameter appears in a second-order condition which rules the rate of
convergence in (3.5), i.e.

lim
t→∞

lnU(tx)− lnU(t)− γ lnx
A(t)

=
xρ −1

ρ
, ∀ x > 0, (3.6)

where |A| must then be of regular variation with index ρ (Geluk and de Haan
1987).

The estimation of the parameter ρ in (3.6) appeared first in Hall and Welsh
(1985). Other estimators of this parameter followed in Beirlant et al. (1996),
Drees and Kaufmann (1998), Peng (1998) and Gomes et al. (2002). Since all
those estimators are based on the largest observations, we have again to deal
with the bias-variance trade-off problem, when choosing the level k for the ρ-
estimators. Next we mention the class of ρ-estimators in and Fraga Alves et
al. (2003),

ρ̂
FAGH
n (k) = ρ̂

FAGH(τ)
n (k) := min

{
0 , 3(T (τ)

n,k −1)/(T (τ)
n,k −3)

}
, (3.7)

where

T (τ)
n,k :=

(
M(1)

n,k

)τ

−
(

M(2)
n,k /2

)τ/2

(
M(2)

n,k /2
)τ/2
−
(

M(3)
n,k /6

)τ/3 , τ ∈R; M(α)
n,k :=

1
k

k

∑
i=1

(
ln

Xn−i+1:n

Xn−k:n

)α

, α > 0,

X1:n ≤ X2:n ≤ . . . ≤ Xn:n denotes the sample of ascending order statistics, and
with the notation abτ = b lna if τ = 0. The tuning parameter τ does not affect
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the asymptotic variance and allow us to change the dominant component of
asymptotic bias (Caeiro and Gomes, 2008).

Recently, Ciuperca and Mercadier (2010) extended the estimators in Gomes
et al. (2002) and Fraga Alves et al. (2003). Goegebeur et al. (2010) introduced
a new class of kernel estimators based on the scaled log-spacings Ui, defined by
Ui := i{lnXn−i+1:n− lnXn−i:n}. Despite of these recent classes of ρ-estimators,
the class in Fraga Alves et al. (2003), with the adequate choice of τ , is still very
efficient for the most common values of ρ (usually −1≤ ρ ≤−0.5).

More recently, Caeiro and Gomes (2012) proposed a new class of ρ-
estimators with the functional expression,

ρ̂
CG
n (k) = ρ̂

CG(τ)
n (k) := min

{
0 , 1+1/(1−R(τ)

n,k)
}

, τ ∈ R, (3.8)

where

R(τ)
n,k =

(
N(1)

n,k

)τ

−
(

N(3/2)
n,k

)τ

(
N(3/2)

n,k

)τ

−
(

N(2)
n,k

)τ , τ ∈ R, N(α)
n,k :=

α

k

k

∑
i=1

(
i
k

)α−1

Ui, α ≥ 1, (3.9)

again with the notation aτ = lna whenever τ = 0. The tuning parameter τ

does not affect the asymptotic variance and allow us to change the dominant
component of asymptotic bias.

2. Adaptive selection of the tuning parameter
We shall consider models under a third-order condition, ruling the rate of con-
vergence in (3.6),

lim
t→∞

lnU(tx)−lnU(t)−γ lnx
A(t) − xρ−1

ρ

B(t)
=

x2ρ −1
2ρ

, ∀ x > 0, (3.10)

where A(t) and B(t) are given by A(t) = γβ tρ , and B(t) = β ′tρ , with β 6= 0
and β ′ 6= 0 “scale” second and third-order parameters, respectively.

If the tuning parameter τ in (3.7) and (3.8) is properly chosen, we can re-
move the dominant component of asymptotic bias of the ρ-estimator in a large
set of heavy tailed models. Consequently we expect to have for the ρ-estimator
a stable sample path as a function of the number k of top order statistics to be
considered, whenever k is large. Such a behaviour makes the choice of an “op-
timal” k, in the sense of minimal mean squared error, less important. However,
practitioners should not choose τ blindly. It is sensible to draw a few sample
paths of the estimator, as functions of k, electing the value of τ which provides
the highest stability for large k.



Extremes in Vimeiro Today 51

2.1 The adaptive selection

The theoretical and simulated results in Fraga Alves et al. (2003) and other
articles on reduced-bias EVI estimation, lead those authors to advise in practice
the use of τFAGH = 0 if ρ ≥ −1 and τFAGH = 1 if ρ < 1 in (3.7). For the
recent estimator in (3.7) and based on the asymptotic results in Caeiro and
Gomes (2012) and some preliminary simulation studies, we suggest the simple
heuristic choice τCG = 0, −0.5, 1 which usually gives good results if ρ <−1,
−1 ≤ ρ < −0.5, ρ ≥ −0.5, respectively. But since ρ is unknown, we should
try all suggested values and choose the one which provides the highest stability
of ρ̂CG

n (k) for large k.

2.2 Simulation study of the adaptive choice

We have implemented small-scale Monte Carlo experiments with 5000 samples
of size n = 2000 from the Fréchet model, with d.f. F(x) = exp(−x−1/γ), x > 0,
γ = 0.5 (ρ =−1). We have studied the behaviour of the ρ-estimators, in (3.7)
and (3.8), for all values of τFAGH and τCG, respectively, suggested in subsection
2.1. In Figure 3.1 we provide the simulated patterns of mean values (left), E,
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Figure 3.1: Simulated mean values (left) and RMSEs (right) of the estimators under study
for n = 2000, from an Fréchet(0.5) model.

and root mean squared errors (right), RMSE, of the ρ-estimators as function of
k.

Some comments: For the Fréchet model, ρ̂FAGH
n (k) requires larger k-

values in order to have consistent estimates. Regarding both the simulated
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mean value and RMSE, ρ̂CG
n (k) with τCG = −1 and −0.5 has a better perfor-

mance than ρ̂FAGH
n (k), with τFAGH = 0 or 1.
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Abstract: In the quality control of a production process (of goods and services),
from a statistical point of view, the focus is either on the process itself with application
of Statistical Process Control or on its frontiers, with application of Acceptance
Sampling (AS) and Experimental Design.
AS is used to inspect either the process output (final product) or the process input (raw
material). The purpose of AS is to determine a course of action, not to estimate the lot
quality. AS prescribes a procedure that, if applied to a series of lots of a given quality,
and based on sampling information, leads to a specified risk of accepting/rejecting
them. Thus AS yields quality assurance.
The AS by variables is based on the hypothesis that the observed quality characteris-
tics follow a known distribution, in particular the Gaussian distribution (classical case
of the AS by variables, treated in classical standards). This is sometimes an abusive
assumption that leads to wrong decisions.
AS for non-Gaussian variables, mainly for variables with asymmetric and/or heavy
tailed distributions, is a relevant topic. When we have a known non-Gaussian
distribution we can build specific AS plans associated with that distribution. If we
have an unknown distribution, very asymmetric and/or with heavy tails, but we are
able to adequately find a model to fit the data and estimate its parameters, which
usually is not easy, we can also apply specific AS plans.
The usual method for constructing AS plans is the use of maximum likelihood
estimators to estimate unknown parameters. However, when the sample size is small
- very common situation in quality control, these estimators do not produce good
estimates. Alternatively, it is proposed the use estimators based on the probability
weighted moments.
In this work we will address the problem of determining AS plans by variables for
Extreme Value distributions, Weibull, Gumbel and Frchet, specific to each variable,
using maximum likelihood estimators and estimators resulting from the probability
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weighted moments, compared between them and with the classical case, the Gaussian.

Key words and phrases: quality control, acceptance sampling, acceptance sampling
by variables, probability weighted moments.
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Abstract: The objective of this paper is to provide a sound theoretical framework
for risk assessment, when dangerous events coincide with the occurrence of extremal
values of a random field with an intrinsic regularly varying behaviour.

The dataset is provided with the courtesy of GTT(Gaz Transport & Technigaz), a
society designing the insulation membrane for the tanks of the ships conveying lique-
fied natural gas (LNG) at−163◦C. When the ships are set into motion they sometimes
experience an hydrodynamic phenomena called sloshing that leads to the creation of
waves of LNG that hit the tank walls and might damage the insulation membrane. GTT
studies sloshing pressure loads by means of small scale tanks (1/40) instrumented with
arrays of sensors.

The theory of regular variations provides a non asymptotic semi-parametric frame-
work, making possible an appropriate description of heavy-tail phenomena. In risk
assessment, this conservative approach avoids underestimating the probability of oc-
currence of extreme events and is the main mathematical tool to carry out worst-case
risk analyses in various fields such as meteorology, finance or insurance. Yet, a gen-
eral theory for spatial processes with intrinsic marginal regularly varying behaviour
has not been developed so far, to the best of our knowledge. The present work extends
the concept of (multivariate) regular variations to the spatial setup and generalises the
heavy-tailed property for multivariate random vectors to random fields.

The key parameter of heavy-tailed modelling is the tail index. In the univariate
setup, the celebrated Hill estimator is commonly used and has been extended to a wide
variety of data, especially to mixing-sequences. A significant contribution of this work
is to propose a new aggregated tail-index estimator for Heavy-tailed random fields as
a combination of the marginal Hill estimators of the tail index. Formally, suppose the
field is observed on a discrete grid, say at the locations s1, . . . ,sd . Denote by α the tail
index of the margins of the field and by H(i)

k the hill estimator at the location si. In the
case when the observations at two different locations are independent, the asymptotic
distribution of any combination of the marginal Hill estimators is straightforward to
derive. However, in the presence of dependences, which will generally be the case, the
derivation of the asymptotic distribution of the aggregated estimator is much harder.
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We show that
√

k
(

H(1)
k −1/α, . . . ,H(d)

k −1/α

)
is asymptotically Gaussian and we

compute the asymptotic covariance matrix. We use this result to derive the asymptotic
properties of the aggregated estimator. This result enables to combine all the observa-
tions of the field at all the locations, even in the case of dependencies, and to obtain a
much more accurate estimation of the tail index.

This work make possible an efficient modelling of spatial processes with intrinsic
marginal heavy-tailed behaviour together with a very accurate estimation of the
tail index, taking into account the dependencies between the observations. It is
successfully applied on GTT’s dataset.
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Abstract: We study the limit behavior of the maximum of a special class of stationary
F-INAR(1) models.The discrete Gumbel distribution is obtained as a limit distribution.
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1. Anderson’s Class and max-semistable laws
For integer distribution functions (d.f’s) F that have infinite right endpoint of
the support (wF = ∞) and satisfy

lim
n→+∞

1−F(n−1)
1−F(n)

= r > 1, (3.11)

such as the Negative Binomial, the maximum of n independent and identically
distributed (i.i.d.) random variables (r.v’s) with d.f. F has no non-degenerated
limit distribution in the max-stable class, under any type of normalization.
However, in Anderson [2] it is proved that a discrete d.f. F , with wF = ∞,
satisfies (3.11) if and only if exists a real sequence {bn} such that

exp(−r−x−1)≤ liminf
n→+∞

Fn(x+bn)≤ limsup
n→+∞

Fn(x+bn)≤ exp(−r−x), x ∈ R.

This class of d.f’s satisfying (3.11) is called Anderson’s class and is denoted in
this work by CA (r).

3Research partially supported by National Funds through FCT – Fundação para a Ciência
e a Tecnologia, project PEst-OE/MAT/UI4080/2011, and by the Center for Mathematics, Uni-
versity of Coimbra - European program COMPETE/FEDER.
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Moreover, Temido [8] proved that for discrete d.f’s F with wF = ∞, exist
an increasing integer sequence {kn} that satisfies

lim
n→+∞

kn+1

kn
= r ≥ 1, (3.12)

and a real sequence {bn} such that

lim
n→+∞

Fkn(x+bn) = G(x) := exp(ηr−[x]), x ∈ R,

for some η > 0, if and only if F verifies (3.11), i.e., belongs to CA (r).
This limit d.f. G called discrete Gumbel, has an important role on the theory

of extremes for discrete models with margins in CA (r), as it is shown in Hall
and Temido [4]. Since G belongs to the class of max-semistable (MSS) laws,
we give a brief characterization of this class. Following Pancheva [7], a d.f. G
is MSS if there exist reals r > 1, a > 0 and b such that G(x) = Gr(ax+b), x ∈
R, or equivalently, if exists a d.f. F , a increasing integer sequence {kn} as
above and real sequences {an > 0} and {bn} such that

lim
n→+∞

Fkn (an x +bn) = G(x),

where x is a continuity point of G. The mathematical expression of all the
elements of this class is Gγ,ν(x−µ

σ
), with µ ∈ R and σ > 0, where

Gγ,ν(x) =

{
exp
(
−(1+ γx)−1/γ

ν

(
ln(1+ γx)−1/γ

))
, 1+ γx > 0

exp(−e−xν(x)) , γ = 0
,

with ν a positive, bounded and periodic function with period p = lnr. For
ν = 1 we have the max-stable (MS) class.

2. The F-INAR(1) model
Aly and Bouzar [1] introduced an extension of the INAR(1) process using the
generalized multiplication operator �F that is an generalization of the bino-
mial thinning operator presented by van Harn et al. [5]. This allowed them to
extended the INAR(1) model used by McKenzie [6].

For an integer valued random variable (r.v.) X and η ∈ (0,1), the general-
ized multiplication operator �F is defined by

η�F X =
X

∑
i=1

Yi,



Extremes in Vimeiro Today 59

where {Yi} is a sequence of i.i.d. r.v.’s independent of X , with common proba-
bility generating function (p.g.f.) Ft(s), t =− lnη .

Aly and Bouzar [1] defined the F-INAR(1) process described by the fol-
lowing equation

Xn = η�F Xn−1 + εn, (3.13)

where 0 < η < 1 and {εn} is a sequence of i.i.d. integer valued r.v.’s that are
independent of the variables Yi that define the �F operator.

Furthermore, the generalized multiplication η �F Xn−1 is performed inde-
pendently for each n, that is, we assume the existence of a sequence {Yi,n},
i≥ 0 of i.i.d. integer valued r.v.’s, independent of {εn}, and such that the p.g.f.
is Ft(s), t =− lnη , and

η�F Xn−1 =
Xn−1

∑
i=1

Yi,n−1.

In the case of the F-INAR(1) process described in (3.13), the p.g.f.’s of Xn,
PXn , and of εn, Pε satisfy the equation

PXn(s) = PXn−1(Ft(s))Pε(s), t =− lnη , n ∈ N.

Aly and Bouzar [1] also obtain the following result that insures the exis-
tence of a stationary F-INAR(1) process.

Proposition 3.1. Given 0 < η < 1 and a sequence {εn} of i.i.d. integer value
r.v.’s with finite mean and finite variance, there exists a stationary F-INAR(1)
process {Xn} satisfying (3.13) and such that cov(Xm,εn) = 0, m < n.

Let F := {Ft , t ≥ 0} denote a family of continuous composition semigroup
of p.g.f.’s. For any |s| ≤ 1, Fz◦Ft(s) = Fz+t(s), limt↓0 Ft(s) = s, limt→+∞ Ft(s) =
1, z, t ≥ 0. Van Harn et al. [5] provided some examples of continuous semi-
groups of p.g.f.’s from which one can generate a stationary F-INAR(1) process.
One of those examples was the parametrized family of semigroups {F(θ), θ ∈
[0,1[} described by

F(θ)
t (s) = 1− θ̄e−θ̄ t(1− s)

θ̄ +θ(1− e−θ̄ t)(1− s)
, t ≥ 0, |s|< 1,

where θ̄ = 1− θ . Notice that if θ = 0 then F(θ) corresponds to the standard
semi-group F(0)

t (s) = 1−e−t +e−ts and the generalized multiplication operator
�F becomes the binomial thinning operator.
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3. Main Results
In this work we extend the results of Hall [6] and Hall and Temido [4], concern-
ing the INAR(1) model constructed on the foundations of the binomial thinning
operator.

Considering a stationary F-INAR(1) model and the p.g.f. F in the class
F(θ)

t , we start by proving that if εn belongs to the Anderson’s class, then the
same holds with η�F εn as well as Xn.

In a second step it is proved that the maximum Mkn is attracted to a discrete
Gumbel distribution, which is max-semistable. More precisely, considering an
increasing integer sequence {kn} satisfying (3.82), we prove that the long range
condition Dkn(x+bn) and the local dependence condition D′kn

(x+bn) hold (for
these conditions see for instance [4]). Under these suitable extensions of the
Leadbetter’s ones we prove that

lim
n→+∞

P(Mkn ≤ x+bn) = lim
n→+∞

P(M̂kn ≤ x+bn) = exp(−ηr−[x]), η > 0, x∈R.
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Multivariate ARMAX processes4
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Abstract: We present a multivariate ARMAX process and give conditions on
stationarity. We analyze local dependence and domains of attraction. The obtained
results allow us to derive new multivariate extreme value distributions. We compute
the multivariate extremal index and bivariate upper tail dependence coefficients.
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1. Introduction
Davis and Resnick (1989) [2] proposed the MARMA process which is anal-
ogous to the ARMA by just replacing summation by the maximum operator.
Several studies concerning first order MARMA, usually denoted ARMAX, and
related recursions can be found in literature, as well as applications within en-
gineering, reliability or finance (see Alpuim 1989 [1], Lebedev 2008 [6] and
references therein).

The need to model variables that move together (e.g., co-movements of
prices, co-movements of wind speeds and water levels) lead to the definition of
multivariate maxima of moving maxima (M4) processes (Smith and Weissman
1996 [8]). To the best of our knowledge, there are no studies about multivariate

4Helena Ferreira was partially supported by the research unit “Centro de Matemática” of
the University of Beira Interior and the research project PTDC/MAT/108575/2008 through the
Foundation for Science and Technology (FCT) co-financed by FEDER/COMPETE.
Marta Ferreira was financed by FEDER Funds through “Programa Operacional Factores de
Competitividade - COMPETE”, by Portuguese Funds through FCT - “Fundação para a Ciência
e a Tecnologia”, within the Project Est-C/MAT/UI0013/2011 and by the research projects
PTDC/MAT/101736/2008 and PTDC/MAT/112770/2009.
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maximum autoregressive models, which may present some variability in what
concerns extremal dependence and clustering of high values when compared
to M4 processes. Here we consider a multivariate formulation of the ARMAX
model in Alpuim (1989) [1]. We study the stationarity and local dependence
conditions. In analyzing the domains of attraction, we derive new multivari-
ate extreme value distributions (MEV). We compute the multivariate extremal
index and we see that it is possible to have clustering in all or only in some
of the marginals. We derive the lag-r tail dependence coefficient based on the
concept in Joe (1997) [4] and the lag-r tail independence coefficient of Ledford
and Tawn (1996) [7] and we find different types of tail dependence.

2. d-variate ARMAX and main results
Let {Xn = (Xn,1, ...,Xn,d)}n≥1 be a d-variate sequence, such that

Xn, j = c jXn−1, j∨Yn, j, n≥ 1, j = 1, ...,d, 0 < c j < 1, (3.14)

where X0 = (X0,1, ...,X0,d), {Yn = (Yn,1, ...,Yn,d)}n≥1 is a sequence of indepen-
dent random vectors, independent of X0, X0 ∼ F0 and Yn ∼ G. {Xn}n≥1 thus
corresponds to a d-variate formulation of an ARMAX process.

Proposition 3.2. {Xn}n≥1 is a strictly stationary sequence with common non-
degenerate distribution if and only if there exists (x1, ...,xd) ∈ Rd

+ such that

0 <
∞

∑
i=0
− logG

(x1

ci
1
, ...,

xd

ci
d

)
< ∞.

In this case, the common distribution F of {Xn}n≥1 satisfies F(x1, ...,xd) =
F
(

x1
c1

, ..., xd
cd

)
G(x1, ...,xd)

In particular, if G is MEV with Fréchet marginals G j, j ∈ D, the common

distribution F is also MEV since Fj(x) = exp
(
−xα j/(1− cα j

j )
)

, j ∈D, and its

copula CF(u1, . . . ,ud) = F(F−1
1 (u1), ...,F−1

d (ud)), (u1, ...,ud) ∈ [0,1]d is max-
stable.
Consider the following choice for G, where we can explicitate F : assume that
{I j, j = 1, . . . ,k} is a partition of D, ci = cI j , i ∈ I j, j = 1, . . . ,k, RI j is a MEV
with unit Fréchet marginals and define G(x1, . . . ,xd) = ∏

k
j=1 RI j(xI j). Thus we

have F(x1, . . . ,xd) = ∏
k
j=1 R

bI j
I j

(
xI j

)
, with bI j = 1/(1− cI j), j = 1, . . . ,k. In
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particular, if c j = c, j ∈ D, we find F(x1, . . . ,xd) = G1/(1−c)(x1, . . . ,xd).

In the sequel, we always assume that {Xn}n≥1 is a stationary d-variate AR-
MAX sequence, with common distribution F , and all operations and inequali-
ties between vectors are componentwise.

Proposition 3.3. {Xn}n≥1 satisfies the strong-mixing condition and the
D′′(u(τ)

n ) condition of Leadbetter and Nandagopalan (1989) [5].

If for all τ ∈ Rd
+ there exists normalizing levels {u(τ)

n =
(u(τ1)

n,1 , ...,u(τd)
n,d )}n≥1, such that the sequence {nP(X1 6≤ u(τ)

n )}n≥1 is con-

vergent and D′′(u(τ)
n ) holds, then {Xn}n≥1 has multivariate extremal index if

and only if, ∀τ ∈ Rd
+, sequence {nP(X1 ≤ u(τ)

n ,X2 6≤ u(τ)
n )}n≥1 converges too.

In this case,

θ(τ1, ...,τd) = lim
n→∞

P(X1 ≤ u(τ)
n ,X2 6≤ u(τ)

n )

P(X1 6≤ u(τ)
n )

, τ ∈ Rd
+,

(Ferreira 1994 [3]). The marginal extremal index is obtained by θ j =
lim

τi→0+

i 6= j

θ(τ1, ...,τd).

Proposition 3.4. If F ∈D(H) then {Xn}n≥1 has multivariate extremal index

θ(τ1, ...,τd) = 1− logCHI(e
−τ jc

α j
j , j ∈ I)

logCH(e−τ1, ...,e−τd)
,

where I is the set of indexes in D for which H j(x) = Φα j(x) = e−x−α j , x > 0.
Moreover,

θ j =

{
1 , if H j ∈ {Λ,Ψα j}
1− cα j

j , if H j = Φα j

(3.15)

is the extremal index of {Xn, j}n≥1, j = 1, ...,d.

As an example, consider F with Fj ∈ D(Φ1), j = 1, ...,d and
CF(u1, ...,ud) =

∧d
j=1 u j. Then F ∈D(H), with CH =CF , H j = Φ1, j = 1, ...,d.

Therefore, we have

θ(τ1, ...,τd) = 1−
∨d

j=1 τ jc j∨d
j=1 τ j

, (τ1, ...,τd) ∈ Rd
+.

The next result relates the domain of attraction of F with the one of G.
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Proposition 3.5. If F ∈ D(H) then G ∈ D(V ) with Vj = Hθ j
j and θ j given in

(3.15), j ∈ D, and

CV (u1, ...,ud) =
CH(u1/θ1

1 , ...,u1/θd
d )

CH(u1/θ1−1
1 , ...,u1/θd−1

d )
.

The most used concept of tail dependence is the coefficient provided in Joe
(1997) [4]:

λ = lim
t↓0

P(FY (Y ) > 1− t|FX(X) > 1− t). (3.15)

We say that the random pair (X ,Y ) is tail dependent whenever λ > 0 and tail
independent if λ = 0. In the tail independent case, Ledford and Tawn (1996)
[7] proposed to model the null limit in (3.15) by introducing a coefficient (η ∈
(0,1]) to rule the decay rate of the joint bivariate survival function:

P(FY (Y ) > 1− t|FX(X) > 1− t)∼ L(t)t1/η−1, as t ↓ 0,

where L is a slowly varying function at 0, i.e. L(tx)/L(t)→ 1 as t ↓ 0, for any
fixed x > 0. Tail dependence occurs if η = 1 and L(t) 6→ 0, as t ↓ 0, and tail
independence otherwise. The r.v.’s X and Y are called negatively associated,
nearly independent and positively associated whenever η belongs to (0,1/2),
{1/2} and (1/2,1), respectively. Both concepts can be naturally extended to
a lag-r (r ∈ N0) formulation, λ

(r)
j j′ (X) and η

(r)
j j′ (X), by replacing FX(X) and

FY (Y ) by, respectively, Fj(X1, j) and Fj′(X1+r, j′), in the formulas above.

Proposition 3.6. If C j j′ is the common copula of (Xn, j,Xn, j′), n≥ 1, then

λ
(r)
j j′ (X) = 2− lim

t↓0

1
t

(
1−C j j′(1− t,Fj′(c−r

j′ w j′t))
1− t

Fj′(c−r
j′ w j′t)

)
,

where w j′t = F−1
j′ (1− t). If Fj′ ∈ D(Φα j′ ) then 0 ≤ λ

(r)
j j′ (X) ≤ c

α j′r
j′ , and if

Fj′ has positive finite right end-point then λ
(r)
j j′ (X) = 0 and η

(r)
j j′ (X) = 1/2,

r ∈ N. Moreover, λ
(r)
j j′ (X) = 0 and 1/2 ≤ η

(r)
j j′ (X) ≤ max(1/2,crk

j′ ) whenever

Fj′(c−r
j′ w j′t)∼ 1− tc−rk

j′ , k > 0 and r ∈ N.
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Abstract: Affine combinations of reduced-bias tail index estimators are constructed
to estimate a positive extreme value index, and resampling methodologies are used to
improve their efficiency. In particular, a double bootstrap procedure combined with
the jackknife methodology is used to reduce the bias of the estimators, and a calibrated
bootstrap is proposed in order to improve the coverage of the confidence intervals.
Comparisons with the Hill and with the corrected Hill estimators are performed, and
applications to real data sets are presented.
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1. Introduction
Since the introduction of the Hill estimator (1975) for a positive extreme value
index (EVI), γ , several other estimators and their refinements have been pro-
posed in the literature. Nevertheless, the improvement of existing estimators
and the introduction of new ones seem justified by the important role that
heavy-tailed models play in many areas of research.

5Research partially supported by National Funds through FCT — Fundação para a Ciência
e a Tecnologia, projects PEst-OE/MAT/UI0006/2011 and EXTREMA, PTDC/FEDER.
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Let Xn = (X1, . . . ,Xn) be a sample of size n from a distribution function
(d.f.) F , with a heavy right-tail F = 1− F , and let (X1:n ≤ ·· · ≤ Xn:n) be
the associated ascending order statistics (o.s.’s). The existing semi-parametric
EVI-estimators of γ > 0 are functionals of a usually small number, k + 1, of
top o.s.’s of the sample, i.e., γ̂ = γ̂(k) = γ̂(Xn−k:n, . . . ,Xn:n). These estimators
are consistent for γ if the level Xn−k:n is an intermediate o.s., i.e., if k≡ kn→∞

and k/n→ 0 as n→ ∞, and are asymptotically normally distributed under the
validity of some adequate conditions. However, the finite sample behavior of
the EVI-estimators exhibit a high variance for small values of k, a strong bias
for moderate-to-large values of k, and sample paths with very short stability
regions around the target value γ . Thus, besides the functional form of the
estimator of γ , its efficiency is strongly dependent on the adequate choice of k.

Based on the classical Hill estimator (Hill, 1975),

H(k) :=
k

∑
i=1
{lnXn−i+1:n− lnXn−k:n}/k,

the associated second-order reduced-bias estimator (Caeiro et al., 2005) is de-
fined by

H(k)≡ H(k; β̂ , ρ̂) := H(k)
(
1− β̂ (n/k)ρ̂/(1− ρ̂)

)
,

which depends on adequate estimates of the second-order parameters β 6= 0
and ρ < 0 (see Gomes and Martins, 2002; Fraga Alves et al., 2003).

This paper focus on affine combinations of H(k)-type estimators computed
at different levels k, more precisely, on the class of corrected-bias generalized
jackknife estimators (Gomes et al., 2013)

HGJ,θ (k)≡ HGJ(k;θ , ρ̂) :=
(
H(k)−θ

2ρ̂ H(bθkc)
)
/
(
1−θ

2ρ̂
)
, 0 < θ < 1,

where bxc denotes the integer part of x. Following the generalized jackknife
methodology (Gray and Schucany, 1972), the scalars of this linear combination
were chosen in order to remove the main component of the bias.

Even when these estimators are computed at values of k that lead to the
minimum mean square error, there appears a non-null asymptotic bias at these
levels that can be removed by combining the bootstrap (Efron, 1979) and the
generalized jackknife (Gomes et al., 2000; Gomes et al., 2013) methodologies.

Regarding the interval estimation of γ , this is usually done by applying the
bootstrap percentile-interval method. However, this procedure produces inter-
vals that may not cover the true value of γ with the desired nominal coverage
level, although they generally have fairly stable lengths and endpoints. To re-
duce these coverage errors several other types of bootstrap confidence intervals
have been proposed in the literature (see, for instance, Efron, 1987; Loh,1987;
Hall, 1988; Efron and Tibshirani, 1993).
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2. Outline of the paper
Let C denote any of the previous estimators of γ . To estimate the optimal value
of k, and then find the corresponding adaptive estimate of γ , a double-bootstrap
method is applied to the auxiliary statistic TC

k,n ≡ T (k|C) := C(bk/2c)−C(k),
which tends to zero and has an asymptotic behavior similar to the one of C(k),
in a way similar to the one used in Gomes and Oliveira (2001) and Gomes et
al. (2012).

To obtain an interval estimate of γ , apart from the bootstrap percentile-
method (Efron, 1979) we shall consider a calibrated version of this interval,
called a calibrated bootstrap interval. Let I(α) denote the nominal α-level
bootstrap-percentile confidence interval for γ . The coverage probability of I(α)
is given by π(α) = P(γ ∈ I(α)).

The percentile bootstrap interval, I(α), is based on the distribution of the
bootstrap estimates of γ , and its true coverage probability, π(α), rarely is equal
to the nominal coverage α . The idea of using the bootstrap calibration (Loh,
1987) consists of finding the nominal coverage level, say βα , so that the true
coverage of the resultant interval is exactly α , i.e., by finding the solution of
the equation π(βα) = α . Although it is rarely possible to find βα , we can esti-
mate it through resampling from the bootstrap sample. The calibrated bootstrap
interval is then, I(β̂α).

The paper ends with an illustration of the finite sample behavior of the
estimators under consideration when applied to real data sets, and with some
comments on the interval estimates of γ .
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1. Introduction
Let Xn,n ≥ Xn−1,n ≥ . . . ≥ X1,n be the order statistics from the sample
X1,X2, . . . ,Xn of i.i.d. random variables with common distribution function
F . If there exist constants an > 0, bn ∈ R such that

lim
n→∞

P((Xn,n−bn)/an ≤ x) = lim
n→∞

Fn(an x+bn) = G(x),

for all x, G non-degenerate, then G must be the Generalized Extreme Value
(GEV) distribution with distribution function

Gγ(x) := exp{−(1+ γx)−1/γ}, 1+ γx > 0, γ ∈ R.

We then say that F is in the max-domain of attraction of Gγ and use the notation
F ∈DM(Gγ). For γ < 0, γ = 0 and γ > 0, the GEV distribution function reduces

6Research supported by PEst-OE/MAT/UI0006/2011 and EXTREMA-
FCT/PTDC/MAT/101736/2008.
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to Weibull, Gumbel and Fréchet distribution functions, respectively. Let xF

denote the right endpoint of F , i.e., xF := sup{x : F(x) < 1}. If F ∈ DM(Gγ),
with γ < 0 – Weibull domain – then forcibly xF is finite. However, the Gumbel
domain DM(G0) also encompasses a class of distribution functions with finite
right endpoint. This will be the aim of this presentation, i.e., we shall assume
that F ∈DM(G0) with finite right endpoint xF ∈ R.

2. Endpoint estimator
The endpoint estimator x̂F considered is a functional of the top observations of
the original sample, which relies on an intermediate sequence k = kn, i.e., such
that

kn→ ∞, kn = o(n), as n→ ∞,

and is defined by

x̂F := Xn,n +
k−1

∑
i=0

ai,k

(
Xn−k,n−Xn−k−i,n

)
, (3.16)

where ai,k :=
(
log(k + i+1)− log(k + i)

)
/ log2, such that ∑

k−1
i=0 ai,k = 1. From

the non-negativeness of the weighted spacings in the sum (3.16), we clearly
see that the now proposed estimator is greater than Xn,n, which constitutes an
advantage to the usual right endpoint estimators of a distribution in the Weibull
domain of attraction.

The consistence and asymptotic distribution of x̂F have been studied in [2].
The underlying conditions for the results therein rely on the first and second
order tail behaviour of F , expressed in terms of U , the generalized inverse
function of 1/(1− F). Namely, if F ∈ DM(G0) then we can assume there
exists a positive function a such that, for all x > 0,

lim
t→∞

U(tx)−U(t)
a(t)

= logx.

Then we say that U belongs to the class Π with auxiliary function a, which is
slowly varying [notation U ∈Π(a)].

Moreover, the second order condition underlying the result for the asymp-
totic distribution implies the existence of functions a, positive and A, positive
or negative, both tending to zero as t→ ∞, such that

lim
t→∞

U(tx)−U(t)
a(t) − logx

A(t)
=

1
2
(logx)2, (3.17)
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for all x > 0.

Remark 3.1. The second order condition (3.17) follows directly from Theorem
B.3.6, Remark B.3.7 and Corollary 2.3.5 of [1] because the former states that,
in our setup of γ = 0 and xF < ∞, the only case allowed is the case of the
second order parameter ρ = 0. Similar to the function a, the auxiliary function
|A| is slowly varying.

Figure 3.2: probability density functions for model (3.18), with β =
0.2,0.25,0.3,0.4,0.5,1.0 and for xF = 1.

3. Monte Carlo simulation
We have simulated 1000 samples of size n = 100,1000,10000, for different
parameters β = 0.2,0.25,0.3,0.4,0.5,1.0 of the model Negative Fréchet, for
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Figure 3.3: Mean estimate and empirical Mean Squared Error of x̂F for model (3.18) with the
true values xF = 1; β = 0.2,0.25,0.3,0.4,0.5,1.0 for sample sizes n = 100 (first row), n = 1000
(second row), n = 10000 (third row); All plots are depicted against the number k∗ = 2k of top
order statistics used in the estimator.

xF = 1, with distribution function

F(x) = 1− exp{−(xF − x)−β}, x≤ xF , β > 0. (3.18)

The tail quantile function is U(t) = xF − (log t)−1/β , t ≥ 1; then U ∈Π(a)
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with
a(t) = β

−1(log t)−1/β−1, β > 0.

The range of the chosen values for β offers various tail shapes as shown in
the graphs of their probability density functions drawn in Figure 3.2. In Figure
3.3 are depicted the simulated results.
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Extremal behaviour of chaotic dynamics7
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Abstract: The extremal index appears as a parameter in Extreme Value Laws for
stochastic processes, characterising the clustering of extreme events. We apply this
idea in a dynamical systems context to analyse the possible Extreme Value Laws
for the stochastic process generated by observations taken along dynamical orbits
with respect to various measures. In this context, we prove that the extremal index
is associated with periodic behaviour. More precisely, we characterise the extremal
behaviour at periodic points by proving that for these type of points we have an
Extremal Index less than 1.
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processes, periodicity.

1. Extreme value laws

Consider a stationary stochastic process X0,X1,X2, . . . with marginal distribu-
tion function (d.f.) F , i.e. F(x) = P(X0 ≤ x). Let

F̄ = 1−F

and uF denote the right endpoint of the d.f. F , i.e. uF = sup{x : F(x) < 1}.
We have an exceedance of the level u ∈ R at time j ∈ N if the event {X j > u}
occurs. Define a new sequence of random variables (r.v.) M1,M2, . . . given by

Mn = max{X0, . . . ,Xn−1}.

7This work was partially supported by FCT grant SFRH/BPD/66174/2009, by FCT (Portu-
gal) projects PTDC/MAT/099493/2008 and PTDC/MAT/120346/2010, which are financed by
national and European Community structural funds through the programs FEDER and COM-
PETE. Moreover, the author is also supported by CMUP, which is financed by FCT through
the programs POCTI and POSI, with national and European Community structural funds.
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Definition 3.1. We say that we have an Extreme Value Law (EVL) for Mn if
there is a non-degenerate d.f. H : R→ [0,1] with H(0) = 0 and, for every
τ > 0, there exists a sequence of levels un = un(τ), n = 1,2, . . ., such that

nP(X0 > un)→ τ, as n→ ∞, (3.19)

and for which the following holds:

P(Mn ≤ un)→ H̄(τ), as n→ ∞. (3.20)

In the case X0,X1,X2, . . . are independent and identically distributed (i.i.d.)
r.v. then, since P(Mn ≤ un) = (F(un))n, we have

log(P(Mn ≤ un)) = n log(1−P(X0 > un))∼−nP(X0 > un),

which implies that if (3.19) holds, then (3.20) holds with H̄(τ) = e−τ and vice
versa (see [5, Theorem 1.5.1]).

When X0,X1,X2, . . . are not independent but satisfy some mixing condition
D(un) introduced by Leadbetter then something can still be said about H. Let
Fi1,...,indenote the joint d.f. of Xi1, . . . ,Xin , and set Fi1,...,in(u) = Fi1,...,in(u, . . . ,u).

Condition (D(un)). We say that D(un) holds for the sequence X0,X1, . . . if for
any integers i1 < .. . < ip and j1 < .. . < jk for which j1− ip > m, and any large
n ∈ N, ∣∣Fi1,...,ip, j1,..., jk(un)−Fi1,...,ip(un)Fj1,..., jk(un)

∣∣≤ γ(n,m),

where γ(n,mn)−−−→
n→∞

0, for some sequence mn = o(n).

If D(un) holds for X0,X1, . . . and the limit (3.20) exists for some τ > 0 then
there exists 0≤ θ ≤ 1 such that H̄(τ) = e−θτ for all τ > 0 (see [5, Theorem 2.2]
or [5, Theorem 3.7.1]).

Definition 3.2. We say that X0,X1, . . . has an Extremal Index (EI) 0≤ θ ≤ 1 if
we have an EVL for Mn with H̄(τ) = e−θτ for all τ > 0.

2. Extreme value laws in the absence of clustering
In this section, we recall a condition proposed by Leadbetter for general
stochastic processes which imposes some sort of independence on the short
range that prevents the appearance of clustering. Supposing that D(un) holds,
let (kn)n∈N be a sequence of integers such that

kn→ ∞ and kntn = o(n). (3.21)
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Condition (D′(un)). We say that D′(un) holds for the sequence X0,X1,X2, . . . if
there exists a sequence {kn}n∈N satisfying (3.21) and such that

lim
n→∞

n
[n/kn]

∑
j=1

P(X0 > un,X j > un) = 0. (3.22)

According to [5, Theorem 1.2], if conditions D(un) and D′(un) hold for
X0,X1, . . . then there exists an EVL for Mn and H(τ) = 1− e−τ .

3. Stochastic processes arising from discrete time
dynamical systems
Consider a deterministic discrete time dynamical system (X ,B,µ, f ), where
X is topological space, B is the Borel σ -algebra, f : X →X is a measurable
map and µ is an f -invariant probability measure, i.e. µ( f−1(B)) = µ(B), for
all B ∈B. One can think of f : X →X as the evolution law that establishes
how time affects the transitions from one state in X to another.

Consider the time series X0,X1,X2, . . . arising from such a system simply
by evaluating a given random variable ϕ : X → R∪{±∞} along the orbits of
the system, or in other words, the time evolution given by successive iterations
by f :

Xn = ϕ ◦ f n, for each n ∈ N. (3.23)

Clearly, X0,X1, . . . defined in this way is not an independent sequence. How-
ever, f -invariance of µ guarantees that this stochastic process is stationary.
We assume that ϕ achieves a global maximum at ζ ∈ X and the event
{x ∈X : ϕ(x) > u}= {X0 > u} corresponds to a topological ball “centred” at
ζ (see, for example, [3]).

When one considers stochastic processes arising from dynamical systems
such as in (3.23), in practice condition D(un) can not be verified unless the sys-
tem satisfies some strong uniformly mixing condition such as α-mixing, and
even in these cases it can only be verified for certain subsequences of {n}n∈N,
which means that the limit laws only hold for cylinders. For that reason, based
on the work of Collet [1], in [2] we proposed a condition we called D2(un)
which is much weaker than D(un), and which follows from sufficiently fast
decay of correlations.

Condition (D2(un)). We say that D2(un) holds for the sequence X0,X1, . . . if
for all `, t and n

|P{X0 > un∩max{Xt , . . . ,Xt+`−1 ≤ un}}−P{X0 > un}P{M` ≤ un}| ≤ γ(n, t),
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where γ(n, t) is decreasing in t for each n and nγ(n, tn)→ 0 when n→ ∞ for
some sequence tn = o(n).

The interesting fact is that if we can replace D(un) by D2(un) in [5, The-
orem 1.2], the conclusion still holds. In fact, according to [2, Theorem 1], if
conditions D2(un) and D′(un) hold for X0,X1, . . . then there exists an EVL for
Mn and H(τ) = 1− e−τ .

4. Extremal index and periodicity
Consider the stochastic processes defined by (3.23) when ϕ achieves a global
maximum at a repelling periodic point ζ ∈X , of prime period p∈N, where µ

is assumed to be absolutely continuous with respect to Lebesgue with a density
function sufficiently regular. In this case,

µ({X0 > u}∩{Xp > u})∼ (1−θ)µ(X0 > u),

for some θ ∈ (0,1), which implies that D′(un) is not satisfied.
In order to prove the existence of limiting law for the maximum in the

presence of a periodic phenomenon creating clustering, we introduce two new
conditions, that we denote by Dp(un) and D′p(un), essentially replacing in the
conditions D2(un) and D′(un) the role of “exceedances” (that correspond to
entrances in balls) by what we shall call “escapes” (that correspond to entrances
in annuli) (see [4]).

Theorem 3.2. Let (un)n∈N be such that nP(X > un) = n(1−F(un))→ τ , as
n→ ∞, for some τ ≥ 0. Consider a stationary stochastic process X0,X1,X2, . . .
defined by (3.23), when ϕ achieves a global maximum at a repelling periodic
point ζ ∈ X , of prime period p ∈ N, and θ ∈ (0,1). Assume further that
conditions Dp(un) and D′p(un) hold. Then,

lim
n→∞

P(Mn ≤ un) = e−θτ .
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Extremes for deterministic and random dynamical
systems8

Jorge Milhazes Freitas
Centro de Matemática, Faculdade de Ciências, Universidade do Porto, Portugal
E-mail: jmfreita@fc.up.pt

Abstract: It is well known that the Extremal Index (EI) measures the intensity
of clustering of extreme events in stationary processes. We sill see that for some
certain uniformly expanding systems there exists a dichotomy based on whether the
rare events correspond to the entrance in small balls around a periodic point or a
non-periodic point. In fact, either there exists EI in (0,1) around (repelling) periodic
points or the EI is equal to 1 at every non-periodic point. The main assumption is that
the systems have sufficient decay of correlations of observables in some Banach space
against all L1-observables. Then we consider random perturbations of uniformly
expanding systems, such as piecewise expanding maps of the circle. We will see
that, in this context, for additive absolutely continuous noise (w.r.t. Lebesgue), the
dichotomy vanishes and the EI is always 1.

Key words and phrases: Extreme Values, Extremal Index, Extremal dichotomy,
Random dynamical systems.

1. Introduction

Consider a discrete time dynamical system (X ,B,P,T ) which will denote
two different but interrelated settings throughout the paper. X is a topological
space, B is the Borel σ -algebra, T : X →X is a measurable map and P is a
T -invariant probability measure, i.e., P(T−1(B)) = P(B), for all B ∈B.

8This work was partially supported by FCT grant SFRH/BPD/66040/2009, by FCT (Portu-
gal) projects PTDC/MAT/099493/2008 and PTDC/MAT/120346/2010, which are financed by
national and European Community structural funds through the programs FEDER and COM-
PETE . Moreover, the author is also supported by CMUP, which is financed by FCT (Portugal)
through the programs POCTI and POSI, with national and European Community structural
funds.
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Firstly, it will denote a deterministic setting where X = M is a compact
Riemannian manifold, B is the Borel σ -algebra, T = f : M →M is a piece-
wise differentiable map and P = µ is an f -invariant probability measure. Let
dist(·, ·) denote a Riemannian metric on M and Leb a normalized volume form
on the Borel sets of M that we call Lebesgue measure.

Secondly, it will denote a random setting which is constructed from the de-
terministic system via perturbing the original map with random additive noise.
We assume that M is a quotient of a Banach vector space V , like M = Td =
Rd/Zd , for some d ∈ N. Denote the ball of radius ε > 0 around x ∈M by
Bε(x) := {y ∈M : dist(x,y) < ε}. Consider the unperturbed deterministic sys-
tem f : M →M . For some ε > 0, let θε be a probability measure defined on
the Borel subsets of Bε(0), such that θε = gεLeb and 0 < gε ≤ gε ≤ gε < ∞.
For each ω ∈ Bε(0), we define the additive perturbation of f that we denote by
fω as the map fω : M →M , given by

fω(x) = f (x)+ω. (3.24)

Consider a sequence of i.i.d. random variables (r.v.) W1,W2, . . . taking values
on Bε(0) with common distribution given by θε . Let Ω = Bε(0)N denote the
space of realisations of such process and θN

ε the product measure defined on its
Borel subsets. Given a point x∈M and the realisation of the stochastic process
ω = (ω1,ω2, . . .) ∈ Ω, we define the random orbit of x as x, fω(x), f 2

ω(x), . . .
where, the evolution of x, up to time n ∈N, is obtained by the concatenation of
the respective additive randomly perturbed maps in the following way: f n

ω(x) =
fωn ◦ fωn−1 ◦ · · · ◦ fω1(x), with f 0

ω being the identity map on M . We can give
a deterministic representation of this random setting using the following skew
product transformation:

S : M ×Ω −→ M ×Ω

(x,ω) 7−→ ( fω1(x),σ(ω)),
(3.25)

where σ : Ω→Ω is the one-sided shift σ(ω) = σ(ω1,ω2, . . .) = (ω2,ω3, . . .).
Hence, the random evolution can fit the original model (X ,B,P,T ) by tak-
ing the product space X = M ×Ω, with the corresponding product Borel
σ -algebra B, where the product measure P = µε ×θN

ε is defined. The system
is then given by the skew product map T = S.

For the systems we will consider, P has very good mixing properties, which
in loose terms means that the system loses memory quite fast. In order to
quantify the memory loss we look at the system’s rates of decay of correlations
w.r.t. P.
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Definition 3.3 (Decay of correlations). Let C1,C2 denote Banach spaces of
real valued measurable functions defined on X . We denote the correlation of
non-zero functions φ ∈ C1 and ψ ∈ C2 w.r.t. a measure P as

CorP(φ ,ψ,n) :=
1

‖φ‖C1‖ψ‖C2

∣∣∣∣∫ φ (ψ ◦T n)dP−
∫

φ dP
∫

ψ dP
∣∣∣∣ .

We say that we have decay of correlations, w.r.t. the measure P, for observ-
ables in C1 against observables in C2 if, for every φ ∈ C1 and every ψ ∈ C2 we
have

CorP(φ ,ψ,n)→ 0, as n→ ∞.

We say that we have decay of correlations against L1 observables whenever
we have decay of correlations, with respect to the measure P, for observables in
C1 against observables in C2 and C2 = L1(Leb) is the space of Leb-integrable
functions on M and ‖ψ‖C2 = ‖ψ‖1 =

∫
|ψ|dLeb. Note that when µ , µε are

absolutely continuous with respect to Leb and the respective Radon-Nikodym
derivatives are bounded above and below by positive constants, then L1(Leb) =
L1(µ) = L1(µε).

Consider the time series X0,X1,X2, . . . arising from such a system simply
by evaluating a given random variable (r.v.) ϕ : M → R∪ {+∞} along the
orbits of the system:

Xn = ϕ ◦ f n, for each n ∈ N. (3.26)

Note that when we consider the random dynamics, the process will be Xn =
ϕ ◦ f n

ω , for each n ∈ N, which can also be written as Xn = ϕ̄ ◦Sn, where

ϕ̄ : M ×Ω −→ R∪{+∞}
(x,ω) 7−→ ϕ(x)

, (3.27)

We assume that P is either f or S invariant which guarantees that X0,X1, . . .
is stationary. We assume that the r.v. ϕ : M → R∪{±∞} achieves a global
maximum at ζ ∈M (we allow ϕ(ζ ) = +∞). We also assume that ϕ and
P are sufficiently regular so that, for u sufficiently close to uF := ϕ(ζ ), the
event U(u) = {X0 > u} = {x ∈M : ϕ(x) > u} corresponds to a topological
ball centred at ζ . Moreover, the quantity P(U(u)), as a function of u, varies
continuously on a neighbourhood of uF .

In what follows, an exceedance of the level u ∈ R at time j ∈ N means that
the event {X j > u} occurs. We denote by F the distribution function (d.f.) of
X0, i.e., F(x) = P(X0 ≤ x). Given any d.f. G, let Ḡ = 1−G and uG denote the
right endpoint of the d.f. G, i.e., uG = sup{x : G(x) < 1}.
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The idea then is to consider the extremal behaviour of the system for
which we define a new sequence of random variables M1,M2, . . . given by
Mn = max{X0, . . . ,Xn−1}.

Definition 3.4. We say that we have an EVL for Mn if there is a non-degenerate
d.f. H : R→ [0,1] with H(0) = 0 and, for every τ > 0, there exists a sequence
of levels un = un(τ), n = 1,2, . . ., such that

nP(X0 > un)→ τ, as n→ ∞, (3.28)

and for which the following holds: P(Mn ≤ un)→ H̄(τ), as n→ ∞.

2. Statement of results
We begin with a dichotomy that was first realised to exist in [2]. The actual
statement we present here comes from the paper [1] and uses the results of [3]
to cover the case of periodic points.

Theorem 3.3. Consider a continuous dynamical system (M ,B,µ, f ) for
which there exists a Banach space C of real valued functions such that for
all φ ∈ C and ψ ∈ L1(µ), Corµ(φ , ψ,n) ≤ Cn−2, where C > 0 is a constant
independent of both φ ,ψ . Let X0,X1, . . . be given by (3.26), where ϕ achieves a
global maximum at some point ζ . Let un be such that (3.28) holds. We assume
that there exists C′ > 0 such that for all n we have 1U(un) ∈ C , ‖1U(un)‖C ≤C′.

• If ζ is a non-periodic point, then there exists an EVL for Mn and H(τ) =
1− e−τ .

• If ζ is a repelling periodic point of prime period p, then there exists an
EVL for Mn and H(τ) = 1− e−θτ , where θ = limn→∞ P(X0 > un, Xp ≤
un|X0 > un).

Now, we give an abstract result in the random setting which concludes by
stating that by adding random noise, regardless of the point ζ chosen, we al-
ways get an EI equal to 1. This result was obtained in [1]

Theorem 3.4. Consider a dynamical system (M ×Ω,B,µε × θN
ε ,S), where

M = Td , for some d ∈ N, f : M →M is a deterministic system which is
randomly perturbed as in (3.24) and S is the skew product map defined in
(3.25). Assume that there exists η > 0 such that dist( f (x), f (y))≤ ηdist(x,y),
for all x,y ∈M . Assume also that the measure µε is such that µε = hεLeb,
with 0 < hε ≤ hε ≤ hε < ∞. Suppose that there exists a Banach space C of
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real valued functions defined on M such that for all φ ∈ C and ψ ∈ L1(µε),
Cor

µε×θN
ε
(φ , ψ,n) ≤ Cn−2, where C > 0 is a constant independent of both

φ ,ψ .
Let un be such that (3.28) holds and assume that there exists C′ > 0 such

that for all n we have 1U(un) ∈ C , ‖1U(un)‖C ≤ C′. For any point ζ ∈M ,
consider that X0,X1, . . . is defined as in (3.27), then there exists an EVL for Mn
such that H(τ) = 1− e−τ .
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A spatial extremes characterization of the annual
maxima precipitation in Madeira Island9

Délia Gouveia-Reis
Centre for Exact Sciences and Engineering, University of Madeira and CEAUL, Por-
tugal
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Abstract: A variety of statistical tools have been used in the most recent decades for
modelling spatial extreme data such as copulas and spatial max-stable processes. Our
aim is to give a spatial extreme characterization of Madeira Island’s annual maxima
precipitation using annual maximum daily rainfall data from 19 rain gauge stations
throughout the island. Madeira Island, located in the north-east Atlantic Ocean, has
had a significant number of rainfall-triggered flash floods, landslides and debris flows
along its past and recent history, which may contribute to understand the importance
of this study.

Key words and phrases: statistics of extremes, spatial extremes, copula functions,
extreme rainfall.

Extreme rainfall events have triggered a significant number of flash floods,
landslides and debris flows in Madeira Island, a volcanic island located in the
north-east Atlantic Ocean between latitudes 32◦30’N–33◦30’N and longitudes
16◦30’W–17◦30’W, along its past and recent history. One of the most signif-
icant events was the one that happened on the 20th of February 2010, which

9Research partially supported by Portuguese Foundation for Science and Technol-
ogy (FCT) through the PhD grant SFRH/ BD/ 39226/ 2007 and the project PEst-
OE/MAT/UI0006/2011. The authors wish to thank the Department of Hydraulics and Energy
Technologies of the Madeira Regional Laboratory of Civil Engineering, namely to Dr. Carlos
Magro, for providing the precipitation data used in this study, and the University of Madeira
for the logistic support.
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caused 45 casualties, six missed people and extensive damage to properties and
infrastructures (Fragoso et al. (2012) [3], Nguyen et al. (2013) [4]).

The spatial distribution of precipitation in Madeira Island is strongly af-
fected by its highly rugged topography, and our aim is to give a spatial extreme
characterization of Madeira’s annual maxima precipitation using annual max-
imum daily rainfall data from 19 rain gauge stations spread throughout the
island, provided by the Department of Hydraulics and Energy Technologies of
the Madeira Regional Laboratory of Civil Engineering.

A review of spatial extremes methods based on latent variables, copulas
and spatial max-stable processes is presented by Davison et al. (2012) [2],
which refer that appropriately-chosen copula or max-stable models seem to be
essential for the spatial modelling of extremes. The importance of max-stable
and copula approaches for modelling spatial dependence is also emphasised by
Cooley et al. (2012) [1]. Although the present work and most of the studies on
spatial extremes cited in these two reviews focus on modelling block maxima
data, it is important to mention here that there are other studies (e.g., Schlather
and Twan (2012) [5]) where these same methods are also applied to continuous
time series of daily aggregated rainfall.
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Nonparametric regression estimation of
conditional tails-the random covariate case
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Abstract: We present families of nonparametric estimators for the conditional tail
index of a Pareto-type distribution in presence of random covariates. These families
are constructed from locally weighted sums of power transformations of excesses over
a high threshold. The asymptotic properties of the proposed estimators are derived
under some assumptions on the conditional response distribution, the weight function
and the density function of the covariates. In particular one version of this estimator is
shown to be uniformly strongly consistent on compact sets and its rate of convergence
is given. We also discuss bias reduction and propose in this context a consistent
estimator for the second order tail parameter. The finite sample performance of our
estimators is illustrated with a small simulation experiment.
This talk is based on two papers written in collaboration with Yuri Goegebeur, Antoine
Schorgen and Gilles Stupfler.
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An M-estimator for tail dependence in spatial
extremes
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Abstract: We start with a random sample that is in the max-domain of attraction of a
multivariate extreme value distribution, and we assume that the stable tail dependence
function of the attractor belongs to a parametric model. Einmahl, Krajina and Segers
[1] introduced the M-estimator for tail dependence, an estimator obtained by minimiz-
ing the distance between a vector of weighted integrals of tail dependence functions
and their empirical counterparts. It was shown that the M-estimator is consistent and
asymptotically normal.

We modify the above approach by replacing integration of d-dimensional tail
dependence functions with integration of sums of two-dimensional tail dependence
functions. This leads to an estimator which is again consistent and asymptotically
normal, without the requirement of differentiability assumptions on the stable tail
dependence function. Moreover, it overcomes the computational burden of the
original M-estimator, making estimation now possible in very high dimensions.
This allows us to apply the estimator to max-stable models in spatial extremes. We
demonstrate the performance of the estimator using, among others, the Gaussian
extreme value process.

Key words and phrases: M-estimation, tail dependence, max-stable models, spatial
extremes.
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Extremes, wave asymmetry, and other stochastic
properties of ocean wave energy systems
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Abstract: An ocean wave energy converter transforms wave energy into electric
or mechanical energy. In the early days of wave energy engineering, the theoretical
performance of a converter was studied under the assumption that waves were regular
sine waves with variable amplitude and wavelength. Presently, irregular and random
wave models are commonly used in simulation and analytic studies. This applies
both to evaluation of the efficiency of different converter designs and to design of
optimal control systems. Most of these studies use the linear Gaussian wave model as
wave generator. We will investigate some performance properties under an alternative
Lagrangian wave model, as being somewhat more realistic when it comes to extremes,
wave slopes, and asymmetry.

Key words and phrases: Lagrange waves, wave asymmetry, Rice formula.

1. Gaussian and Lagrangian waves
The linear Gaussian wave model has been rather successfully used in ocean
engineering more than half a century. It has been applied in sea keeping stud-
ies, fatigue analysis of ship hulls, extreme loading analysis, and many other
safety related problems. The application that has motivated the present study
is the performance of wave energy systems. The efficiency and reliability of
such systems are highly dependent on the relation between wave profiles, wave
period and amplitude, and the dynamic properties of the mechanical construc-
tion.

The main drawback of the Gaussian model is its lack of realism in the
modeling of wave profiles and extremes. To remedy part of these shortcomings
Willard Pearson proposed, in 1961, the Lagrangian model as a more realistic
alternative, [4]. This idea was taken up by S.H. Gjosund, [2], and colleagues at
NTNU in Trondheim; for more references see [3].
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The Gaussian 2D wave model describes the vertical movements of surface
water particles. The height of the water surface above the still water level at
location u at time t is expressed by means of a spectral process ζ (ω) as

W (t,u) =
∫

∞

−∞

ei(κu−ωt) dζ (ω),

where κ and ω are wave number and frequency, respectively; ω2 = gκ tanhκh
at water depth h, and g is the earth acceleration constant. The spectral density
of W (t,u) as a function of t is denoted S(ω),−∞ < ω < ∞.

The Lagrange model models also the horizontal movements of water parti-
cles. A surface particle with original location u moves randomly, and correlated
with W (t,u). Its location at time t is

X(t,u) = u+
∫

∞

−∞

ei(κu−ωt) H(ω)dζ (ω),

where H(ω) is a complex frequency function, that can be given a hydrody-
namic interpretation.

Space waves

The Lagrange space wave at the fixed time t0 is obtained as the parametric
curve

u 7→ (X(t0,u),W (t0,u)).

It resembles the free water surface profile L(t0,x) along the studied direction,
and it is defined implicitly through the relation

L(t0,X(t0,u)) = W (t0,u),

and explicitly, if there is only one u = X−1(t0,x) satisfying X(t0,u) = x, as

L(t0,x) = W (t0,X−1(t0,x)).

The space wave distribution is used for analysis of photos or satellite observa-
tions of the sea.

Time waves

The Lagrange time wave describes the free water level L(t,x0) at a fixed loca-
tion in space with co-ordinate x0, viz. the curve

t 7→W (t,X−1(t,x0)),
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Figure 3.4: Exaggerated skewed Lagrange space and times waves from model (3.29); Jon-
swap orbital spectrum, water depth = 8m, α = 0.8. Note, that in the space waves, the down-
crossings at the steep (right) wave front correspond to steep upcrossings in the time wave.

provided that the inverse X−1(t,x0) = {u;X(t,u) = x0} is uniquely defined at
time t. Then there is only one water particle located at position x0 at that time.

Figure 3.4 illustrates some characteristic features of space and time waves.

2. An example
By proper choice of H(ω) one can obtain wave shapes with realistic asymmetry
and also compute the statistical distribution of safety related quantities, such as
the wave steepness, the relation between crest height and crest length, and the
wave front and wave back slopes.

A rather general form of H(ω) is given by

H(ω) = i
coshκh
sinhκh

− α

(−iω)2 = ρ(ω)eiθ(ω), (3.29)

where the α-parameter determines the frequency dependent phase shift be-
tween vertical and horizontal movements; see Figure 3.4 for an example of the
effect.

3. Lagrange waves in a linear system
As mentioned, the performance of a wave energy extraction system depends
on the relation between the wave time profiles and the system dynamics. For
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Figure 3.5: CDF for time wave slopes (absolute values) at time wave crossings of different
levels. Slope CDF at upcrossings (solid lines) and at downcrossings (dash-dotted lines). Levels
v: [−1,0,1,2,3]×σ , 4σ = Hs. Largest absolute values correspond to highest level.

example, the efficiency of the power extraction can be increased by active of
passive control of a basically linear system, see [1].

The analysis of such control systems is often based on the Gaussian wave
model in which wave slopes have Gaussian distributions. In a Lagrange mod-
els, these distributions may be highly non-Gaussian; see Figure 3.5, which
shows CDF:s of front and back slopes at level crossings for Lagrange waves
with different degrees of asymmetry.

In the talk I will analyze the extremal behaviour of the Lagrange model
when it is used as input to moderately non-linear systems of a type common in
wave energy converters; [1].
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Moments of cluster characteristics of time series10

Natalia Markovich
Institute of Control Sciences of Russian Academy of Sciences, Moscow, Russia
E-mail: nat.markovich@gmail.com

Abstract: We deal with clusters of exceedances of the underlying process {Rn} over
a threshold which are caused by dependence in time series. The asymptotically equal
geometric distributions of cluster and inter-cluster sizes and the first moment of the
cluster size are derived in Markovich (2013). The threshold is taken equal to a high
quantile of {Rn}. The latter inferences are extended and asymptotic first two moments
of both cluster characteristics are obtained.
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1. Introduction
The interest to extremes in time series arisen as clusters of exceedances over a
threshold is growing due to numerous applications in climate research, finance
and telecommunications. There are few papers which investigate the limiting
cluster size and inter-cluster size distributions as well as their moments, see
Hsing (1991), Hsing et al. (1988), Robinson and Tawn (2000), Robert (2009)
among them. In these papers, the modeling of the limiting cluster size distribu-
tion is based on the consideration of a point process of exceedances. In Ferro
(2003) a recursive estimator of the cluster size distribution is proposed based
on empirical moments of inter-exceedance times. In Ferro and Segers (2003)
the limiting distribution of the inter-exceedance times normalized by the tail
function of an underlying process is derived to be weighted exponential.
Let {Rn : n ≥ 1} be a stationary sequence of random variables with marginal
cumulative distribution function F(x), Mn = max{R1, ...,Rn}. We assume that
P{R1 = xF} = 0, where xF = sup{x : F(x) < 1} is the end-point of the dis-
tribution F(x). Let {Xi : i ≥ 1} be a stationary sequence of inter-arrival times

10Research partially supported by the Russian Foundation for Basic Research, grant 13-08-
00744 A.



Extremes in Vimeiro Today 97

between consecutive observations {Rn}.
Following Ferro and Segers (2003), in Markovich (2013) the inter-exceedance
times or the number of inter-arrival times between events of interest arising be-
tween two consecutive exceedances of the process {Rn}n≥1 over the threshold
u is determined by

T1(u) = min{ j ≥ 1 : M1, j ≤ u,R j+1 > u|R1 > u},

where M1, j = max{R2, ...,R j}, M1,1 = −∞. The cluster size or the number
of inter-arrival times between events arising between two consecutive non-
exceedances is given by

T2(u) = min{ j ≥ 1 : L1, j > u,R j+1 ≤ u|R1 ≤ u},

where L1, j = min{R2, ...,R j}, L1,1 = +∞.
We assume that for each 0 < τ < ∞ there is a sequence of real numbers un =
un(τ) such that

lim
n→∞

n(1−F(un)) = τ, lim
n→∞

P{Mn ≤ un}= e−τθ (3.30)

holds (Leadbetter et al. 1983, p.53).
The outline of this paper is as follows. In Section 3, asymptotically equal
geometric distributions of T1(xρ) and T2(xρ) obtained in Markovich (2013) are
discussed. The extended results regarding the asymptotic first two moments
of T1(xρ) and T2(xρ) are given. The exposition is illustrated by an example of
cluster characteristics of the ARMAX process.

2. Main results

We need the following mixing coefficient used in Ferro and Segers (2003).

Definition 3.5. For real u and integers 1 ≤ k ≤ l, let Fk,l(u) be the σ -field
generated by the events {Ri > u}, k ≤ i ≤ l. Define the mixing coefficients
αn,q(u),

αn,q(u) = max
1≤k≤n−q

sup |P(B|A)−P(B)|, (3.31)

where the supremum is taken over all A ∈ F1,k(u) with P(A) > 0 and B ∈
Fk+q,n(u) and k, q are positive integers.
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In Markovich (2013) quantiles of the underlying process Rt are taken as
thresholds {un}. The following result is derived. Let us consider the partition
of the interval [1, j] for a fixed j, namely,

k∗n,0 = 1, k∗n,5 = j, k∗n,i = [ jkn,i/n]+1, i = {1,2},
k∗n,3 = j− [ jkn,4/n], k∗n,4 = j− [ jkn,3/n] (3.32)

that corresponds to the partition of the interval [1,n]

{kn,i−1 = o(kn,i), i ∈ {2,3,4}}, kn,4 = o(n), n→ ∞, (3.33)

where n is the sample size. Here, both k∗n,1 and k∗n,2 tend to 1, both k∗n,3 and k∗n,4
tend to j and {[k∗n,2,k

∗
n,3]} is the sequence of extending intervals as n→ ∞.

Theorem 3.5. Markovich (2013): Let {Rn}n≥1 be a stationary process with the
extremal index θ . Let {xρn} and {xρ∗n} be sequences of quantiles of R1 of the
levels {1−ρn} and {1−ρ∗n}, respectively, those satisfy the conditions (3.30) if
un is replaced by xρn or by xρ∗n and, qn = 1−ρn, q∗n = 1−ρ∗n , ρ∗n = (1−qθ

n )1/θ .
Let positive integers {k∗n,i}, i = 0,5, and {kn,i}, i = 1,4, be respectively as
in (3.32) and (3.33), p∗n,i = o(∆n,i), i ∈ {1,2, ...,5}, {p∗n,3} is an increasing
sequence, ∆n,i = k∗n,i− k∗n,i−1, and q∗n,i = o(p∗n,i), such that

α
∗
n (xρn) = max{αk∗n,4,q

∗
n,1

;αk∗n,3,q
∗
n,2

;α∆n,3,q∗n,3
;α j+1−k∗n,2,q

∗
n,4

; (3.34)

α j+1−k∗n,1,q
∗
n,5

;α j+1,k∗n,4−k∗n,1
}= o(1)

holds as n→ ∞, where αn,q = αn,q(xρn) is determined by (3.31), then it holds
for j ≥ 1

lim
n→∞

P{T1(xρn) = j}/(ρn(1−ρn)( j−1)θ ) = 1,

lim
n→∞

P{T2(xρ∗n ) = j}/(q∗n (1−q∗n)
( j−1)θ ) = 1,

and if additionally the sequence {Rn} satisfies the D′′(xρn)-condition at
[1,k∗n,1 +2] and [k∗n,4−1, j +1], then it holds for j ≥ 1

lim
n→∞

P{T1(xρn) = j}/(ρn(1−ρn)( j−1)θ ) ≥ θ
2,

lim
n→∞

P{T2(xρ∗n ) = j}/(q∗n (1−q∗n)
( j−1)θ ) ≥ θ

2.

The extremal index θ shows the deviation of the asymptotic distributions
from the geometric one. The result (3.37) is derived in Markovich (2013). It
can be extended to the following lemma.
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Lemma 3.1. Let the conditions of Theorem 3.5 be satisfied, and the sequence
{Rn} satisfy the mixing condition (3.34). If for some ε > 0

sup
n

E(T 1+ε

1 (xρn))/Λn,1 < ∞, Λn,1 = 1/(1− (1−ρn)θ )2 (3.35)

holds, then it follows limn→∞ E(T1(xρn))/(Λn,1ρn) = 1, and if

sup
n

E(T 1+ε

2 (xρ∗n ))/Λn,2 < ∞, Λn,2 = q∗n/(1− (1−q∗n)
θ )2, (3.36)

holds, then it follows

lim
n→∞

E(T2(xρ∗n ))/Λn,2 = 1. (3.37)

The result can be extended to moments of higher orders.

Remark 3.2. The conditions (3.35) and (3.36) are required for a uniform con-
vergence of ranges ∑

∞
j=1 jP{Ti(xρn) = j}/Λn,i, i ∈ {1,2} by n. The conditions

are fulfilled for geometrically distributed Ti(xρn), i ∈ {1,2} with θ = 1 when
P{T1(xρn) = j} = ρn(1−ρn)( j−1) and P{T2(xρn) = j} = qn(1−qn)( j−1). For
0 < ε < 1 we have E(T 1+ε

1 (xρn))/Λn,1 < E(T 2
1 (xρn))/Λn,1 = 2−ρn < ∞ and

E(T 1+ε

2 (xρn))/Λn,2 < E(T 2
2 (xρn))/Λn,2 = (2− qn)/qn < ∞ for such n that ρn

and qn satisfy (3.32), i.e. ρn ∼ τ/n and qn ∼ 1− τ/n.

Figure 3.6: Modeling of E(T1(xρ)) and E(T1(xρ))2 of ARMAX process for different quantile
levels q and θ = 0.6 by geometric moments and Lemma 3.1.

As an illustration, the first two moments of the T1(xρn) of the autoregressive
maximum (ARMAX) process are modeled by geometric moments 1/(1− q)
and (1+q)/(1−q)2, and from Lemma 3.1 by θ 2(1−q)/(1−qθ )2 and θ 2(1−
q)(1+qθ )/(1−qθ )3, respectively, Fig. 3.6.
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Abstract: Copulas are increasingly studied both in theory and practice as they are a
convenient tool to construct multivariate distribution functions. However the material
essentially covers the bi-variate case while in applications the number of variables
is much higher. Furthermore, when one wants to take into account tail dependence,
a desirable property is to have enough flexibility in the tails while avoiding the
exponential growth of the number of parameters. We propose in this communication
a one-factor model which exhibits this feature.

Key words and phrases: copula, tail dependence, parsimony, flexibility, one-factor
model.

1. Introduction

Copulas have been of increasing interest in the last decade. Nowadays they are
widely used in areas like finance and hydrology. They are a convenient tool to
construct multivariate distribution functions. Recall that copulas are distribu-
tion functions whose marginals are standard uniform. For a detailed account,
see, e.g., the book of Nelsen [5]. Most of the material has been developed for
the bi-variate case. As soon as the dimension gets higher, constructing mul-
tivariate copulas is a tough task. When studying extreme events, this is even
more true as one has to take into account tail dependence. A simple way to do
this is to consider the so called (upper) tail dependence coefficient (tdc) defined
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as:

λi j = lim
u↑1

P(Ui > u|U j > u) = lim
u↑1

1−2u+Ci j(u,u)
1−u

(3.38)

when the limit exists and where Ui,U j are two uniform random variables whose
joint distribution is the copula Ci j. A high value of this coefficient is interpreted
as the two variables tend to be large together. For the sake of simplicity, we
will only consider pairwise tdc’s and assume they represent a good picture
of the dependence in the tails overall. In this communication, we propose a
multivariate copula which has a closed-form expression and exhibits a good
compromise between flexibility in the tails and parsimony. It is generated by
pairwise Cuadras-Augé copulas [1] through a one-factor model as described
below.

2. One-factor copula generated by Cuadras-Augé
copulas

Let U0 be a latent standard uniform random variable and C1|0, . . . ,Cd|0 be condi-
tional copulas given U0. Draw independently Ui from Ci|0, i = 1, . . . ,d, so that
the Ui are independent given U0. The distribution function of U = (U1, . . . ,Ud)
at u = (u1, . . . ,ud) is then given by

C(u) = P(U1 ≤ u1, . . . ,Ud ≤ ud) =
∫ 1

0
C1|0(u1,x) . . .Cd|0(ud,x)dx. (3.39)

This construction was mentioned by Joe [3] and was called a one-factor copula.
As noted by the author, it is a particular case of a vine copula. It can also be
embedded within the framework of Kirshner [4] as a special case of a latent
tree copula. We consider the case when one plugs Cuadras-Augé copulas into
(3.39). Let

Ci|0(ui,u0;θi) =

{
u1−θi

i if u0 < ui,

(1−θi)uiu
−θi
0 if u0 > ui

be Cuadras-Augé conditional copulas, (u(1),u(2), . . . ,u(d)), u(i) < u(i+1), i =
1, . . . ,d−1 be the ordered vector associated with u and θi ∈ [0,1], i = 1, . . . ,d.
Observe that λ0i = θi is the tdc of the pair (U0,Ui). In addition, we can show
that

C(u) =
d

∑
k=1

πkC̃k(u), (3.40)
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where

C̃k(u) =
d

∏
j=1

u
1−ξ( j)k
( j) , ξ( j)k =


0 if j ≤ k,
−1+∑

k+1
i=1 θ(i) if j = k +1,

θ( j) if j ≥ k +2.

and

πk =−θk+1
∑

k
j=1 θ( j) ∏

k
j=1(1−θ( j))(

1−∑
k
j=1 θ( j)

)(
1−∑

k+1
j=1 θ( j)

) , (3.41)

k = 1, . . . ,d−1, πd = ∏
d
j=1(1−θ( j))/

(
1−∑

d
j=1 θ( j)

)
, ∑

d
k=1 πk = 1. At a first

glance (3.40) looks similar to a standard mixture model, but we can actually
show that each πk /∈ (0,1). In addition, the C̃k are not copulas in general. This
copula is parsimonious in the sense that it has only d parameters θ1, . . . ,θd . An-
other interesting property of this copula is that the tdc λi j between the variable
Ui and U j has a very simple form

λi j = θiθ j. (3.42)

Another copula model derived from bi-variate Cuadras-Augé copulas is the
pair-wise multivariate extreme value model in Durante and Salvadori [2] (sec-
tion 5, p. 150). It has d(d− 1)/2 parameters θi j which must satisfy d con-
straints (3.43). The tdc’s between the variables Ui and U j are

λi j = θi j, under the constraints ∀i = 1, . . . ,d,
d

∑
j=1, j 6=i

θi j ≤ 1. (3.43)

3. A study of flexibility
Let θ be the parameter vector of a copula model C(θ) of dimension d and let
P =

{
{i j} : i = 1, . . . ,d−1, j = 2, . . . ,d, i < j

}
to be the set of all index pairs.

The number of pairs is p = |P|= d(d−1)/2. Further let λ =
(
λi j, {i j} ∈P

)
be the vector of the true pairwise tdc’s and let λ (θ) =

(
λi j(θ), {i j} ∈P

)
be

the pairwise tdc’s under the model of interest C(θ); for instance, λi j can be one
of (3.42) or (3.43). In order to measure the discrepancy between the true λ and
the model λ (θ), we define the tail dependence (quadratic) loss (tdl) as

`(θ ,λ ) =
1
p ∑
{i j}∈P

(
λi j−λi j(θ)

)2 ∈ [0,1]. (3.44)
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To investigate the tail dependence accuracy, we shall process as follows. For
each k = 1,2, . . . generate λ (k) ∈ [0,1]p from some distribution, compute the
minimum loss under the model `

(k)
∗ = min

θ
`(λ (k),θ). Then examine the sample

`
(1)
∗ , `

(2)
∗ , . . . through a boxplot. Figure 3.7 presents some primary results where

each component of λ (k) is sampled independently from the uniform distribution
on [0,1]p. We observe that the losses converge to a limit and the structure
(3.42) is more accurate than (3.43). Even though our model (3.40) is more
parsimonious than the pairwise extreme value model of Durante and Salvadori
[6], it offers a largest flexibility for modeling tail dependence.

In future work, we will investigate other sampling schemes for λ (k) and
compute accuracies for other models. We will study theoretical properties of
the tdl (3.44). Note that it can be used as the basis of a fitting strategy by
replacing the λi j in (3.44) with empirical estimators λ̂i j, as in [6].

Figure 3.7: Tail dependence loss for two tdc structures. Each box is estimated from a sample
of size 100. Black (bottom) is the proposed one-factor model (3.42). White (top) is the Durante
and Salvadori model (3.43).
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1. Introduction

This work is inspired by Rachev and Resnick theory on stable limits of ran-
domly stopped maxima with geometric subordinator (see [6]) and the fact that
the geometric distribution is a member of the extended Panjer family. Here we
study the behaviour of the randomly stopped order statistics when we take for
the subordinator distribution a member of the Panjer family.

In the first section we present some background and the notation on ran-
domly stopped order statistics used in this work. In the following section we
present the Panjer family and its extension as defined by Hess et al. in 2002 (cf.
[3]). The last section presents the main result.

11Research partially supported by National Funds through FCT — Fundação
para a Ciência e a Tecnologia, projects PEst-OE/MAT/UI0006/2011 and EXTREMA,
PTDC/MAT/101736/2008.
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2. Randomly stopped order statistics

Let p∈ (0,1), N (p) be a discrete random variable (rv) having as support the set
of the natural numbers, N, {Xi, i ∈ N1} be a sequence of independent and iden-
tically distributed (iid) random variables, replicas of an absolute continuous rv
X , all independent from N (p).

For x in the support of the distribution function of X , FX (see, e.g., [2], p.

125), we know that 1−FXk:n (x) = ∑
k−1
i=0

(
n
i

)
[FX (x)]i [1−FX (x)]n−i . We can

also write

FXn−k+1:n (x) =
k−1

∑
i=0

(
n
i

)
[1−FX (x)]i [FX (x)]n−i , (3.45)

which allows us to conclude that

Xk:n
d=−

[
(−X)n−k+1:n

]
. (3.46)

Definition 3.6. Using the variables above presented, when N (p) ≥ 1, we
will designate XN(p):N(p) as the N (p) randomly stopped maximum and X1:N(p)
as the N (p) randomly stopped minimum, both associated to the sequence
{Xi, i ∈ N1}. More generally, when N (p) ≥ k, we define the k-th N (p) as-
cending order statistic as being the rv Xk:N(p).

Using the equality (3.45) it is not difficult to prove that

Lemma 3.2.

FXN(p)−k+1:N(p)|N(p)≥k (x)

= 1−
+∞

∑
i=k

[1−FX (x)]i
+∞

∑
j=0

P [N (p) = j + i]
P [N (p)≥ k]

(
j + i

i

)
[FX (x)] j . (3.47)

The above lemma allows us to easily prove that the result given by expres-
sion (3.46) can be extended to the N (p) randomly stopped order statistics:

Proposition 3.7. If N is a discrete, non-negative integer random variable
and {Xi, i ∈ N1} a sequence of iid random variables, independent from N
and equal in distribution to an absolute continuous random variable X, then
Xk:N|N≥k

d=−
[
(−X)N−k+1:N|N≥k

]
.
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3. Panjer extended family
In 1981 Panjer (cf. [5]) developed a recursive computation of the distribution
of total claims for a family of claim number distributions and arbitrary claim
amount distributions. This breakthrough in risk theory avoids explicit compu-
tation of convolutions when computing the distribution of total claims. We say
that a discrete random variable NA,B belongs to Panjer family (of order 0) if its
mass distribution function satisfies the recursive relation

pn+1 = P
[
NA,B = n+1

]
=
(

A+
B

n+1

)
pn,n≥ 0. (3.48)

This family has only three non-degenerate members (cf. Panjer [5]):

Distribution pn A B
Poisson(p)
(p > 0)

e−p pn

n! , n ∈ N 0 p

Binomial(m, p)
(m ∈ N1, p ∈ (0,1))

{ (m
n

)
pn (1− p)m−n , n = 0, ...,m

0, n = m+1, ...
− p

1−p
m+1
1−p p

NegativeBinomial(r, p)
(r ∈ N1, p ∈ (0,1))

(
n+r−1

n

)
pn (1− p)r , n = 0,1,2, ... p (r−1) p

.

Hence the 0−Panjer distributions are exactly the discrete Morris natural ex-
ponential families whose variance is at most a quadratic function of the means
value (cf. [4]).

The NegativeBinomial(1, p), usually referred to as Geometric(p) distribu-
tion, and the Poisson(p) are the most used subordinators of randomly stopped
variables; in fact, as their Panjer set of coefficients are respectively (0, p) and
(p,0), expressions are simpler.

When in expression (3.48) we use instead of the condition n ≥ 0 the con-
dition n≥ L (and take pn = 0, for n < k) we obtain an extension of the Panjer
family that we identify by the name Panjer distribution of order L (cf. [7]).

For L = 1, two new non-degenerate Panjer distributions do exist (cf. Sundt
and Jewell [8]), the Logarithmic(p), defined for n ≥ 1 by pn = − 1

ln(1−p)
pn

n
(p ∈ (0,1)) (observe that its Panjer coefficients are (p,−p)), and Engen’s [1]
Extended Negative Binomial (ENB) distribution, very cumbersome but useful
in some ecological and population dynamics models, whose mass function is
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given by (cf. also [9]), for α ∈ (−1,0), p ∈ (0,1] and n≥ 1,

pn =
αΓ(n+α)
n!Γ(1+α)

pn (1− p)α

1− (1− p)α .

Observe that ENB distribution has Panjer coefficients (p,−p(1−α)) and
that making α → 0 we obtain the Logarithmic(p) distribution.

Although those two new Panjer families (Logarithmic and ENB) aren’t left
truncated Panjer distributions of order 0, for L ≥ 2 Hess et al. [3] have es-
tablished that any L−Panjer distribution is the left endpoint truncation of an
(L−1)–Panjer distribution. For that reason, they called the Binomial, the
Poisson, the Negative Binomial, the Logarithmic and the Extended Negative
Binomial distributions the basic count models.

4. Randomly Stopped Order Statistics and Panjer
Subordinators
Randomly stopped order statistics with Panjer subordinators do have intrinsic
interest, although results are cumbersome but for the Poisson, the Geometric
and the Logarithmic cases. The expressions of their distribution functions have
however some similarities:

Theorem 3.6. If N (p) is a member of Panjer family, as defined above, then

1. For the 0−Panjer distributions, taking p∗ = p [1−FX (x)], if N (p) has
Poisson or Binomial distribution; p∗ = p[1−FX (x)]

1−pFX (x) , if N (p) has as Nega-
tive Binomial distribution, we have

FXN(p)−k+1:N(p)|N(p)≥k (x) = 1− P [N (p∗)≥ k]
P [N (p)≥ k]

;

2. If N (p) has a ENB distribution, taking p∗ = p[1−FX (x)]
1−pFX (x) , then

FXN(p)−k+1:N(p)|N(p)≥k (x)= 1−P [N (p∗)≥ k]
P [N (p)≥ k]

P [N (p) = 1]
P [N (p∗) = 1]

(
1− p∗

1− p

)α p∗

p
;

taking α→ 0, we obtain the expression for the Logarithmic distribution.

Proof: Separately for each family distribution use expression (3.47).
For the negative binomial distribution use also the equality valid for
|y| < 1, (i−1)!

(1−y)i = ∑
+∞

j=0
( j+i−1)!

j! y j, and for the ENB distribution the equality,

valid of a > 0 and |y|< 1, ∑
+∞

j=0
Γ( j+a)

j! y j = Γ(a)
(1−y)a . 2
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A Fourier analysis of extremal dependence
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Abstract: In this talk we consider the periodogram calculated from the indicators
of extreme events based on an underlying stationary sequence (ex-periodogram). The
ex-periodogram shares many properties with the classical periodogram of a stationary
sequence such as asymptotic independence at distinct frequencies and consistent
estmation of the (ex-)spectral density from weighted averages of ex-periodogram
ordinates. We consider integrated versions of the ex-periodogram and investigate
whether these statistics can be used for testing the goodness of fit of time series
models based on their extremal behavior.
(in Bernoulli Journal 2009 and 2013).

Key words and phrases: Extreme events, Fourier analysis, periodogram, integrated
periodogram, goodness-of-fit based on extremes.
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Abstract: Limiting tail behavior of distributions are known to follow one of three
possible limiting distributions, depending on the domain of attraction of the observa-
tional model under suitable regularity conditions. This work proposes a new approach
for identification and analysis of the limiting regimes that these data exceedances
belong to. The model-based approach uses a mixture at the observational level
where a Generalized Pareto distribution (GPD) is assumed above the threshold. The
novelty of this work is the study of the behavior of the GPD through another mixture
distribution over the three possible regimes. Adequate solution to this evaluation is
shown to require a mixed prior distribution with a point mass, unlike previous work
in the area. In some applications, estimation results showed one regime is clearly
indicated by the data whereas in other applications there is no clear indication of
the regime. This estimation is based on evaluation of posterior probabilities for
each regime. Simulation exercises were conducted to evaluate the accuracy of the
model in various parameter settings and sample sizes, specifically in the estimation of
high quantiles. They show an improved performance over existing approaches. The
paper also compares inferences based on Bayesian regime choice against Bayesian
averaging over the regimes. Results of environmental applications show that the point
mass approach plays a vital role in these studies.

Key words and phrases: Extreme value theory, GPD distribution, environmental
data, MCMC, Bayesian Inference.

12The research of the second author was supported by grants from CNPq and FAPERJ, from
Brazil. The research of the third author was supported in part by ARO MURI grant W911NF-
12-1-0385 and NSF grant DMS 1107031.
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1. Introduction

Natural disasters have become an issue of increasing concern worldwide. In
Brazil, rainfall during the summer months are very common, and in a few days,
heavy rainfall frequently causes hardship in the population. More specifically,
cities in the Rio de Janeiro state have suffered heavy losses with high rainfall
over the last three years, leading to large-scale property destruction and hun-
dreds of deaths. According to Parmesan et al. (2004) [4], changes in extremes
of temperature are more responsible for changes in nature than change in mean
temperature.

Given the importance of extreme values in the aforementioned situations,
Extreme Value Theory (EVT) has proved vital for the prediction of these rare
but highs destructive events. Through EVT, one can formulate a specific model
to estimate outliers and their odds by generalized extreme value distribution
(GEV), when analyzing maxima of data blocks, or by generalized Pareto dis-
tribution (GPD), when analyzing excesses above a large threshold.

Pickands (1975) [5] proved that if X is a random variable whose distribution
function F , with endpoint xF , is in the domain of attraction of a GEV distri-
bution, then as u→ xF , the conditional d.f. F(x|u) = P(X ≤ u + x|X > u) is
the d.f. of a generalized Pareto distribution (GPD), whose density is provided
below. The density of the GPD can be written as

g(x|Ψ) =

 1
σ

(
1+ξ

(x−u)
σ

)−(1+ξ )/ξ

, if ξ 6= 0
1
σ

exp{−(x−u)/σ}, if ξ = 0
, (3.49)

where x−u > 0 for ξ ≥ 0 and 0≤ x−u <−σ/ξ for ξ < 0. Thus, the GPD is
always bounded from below by u, is bounded from above by u−σ/ξ if ξ < 0
and unbounded from above if ξ ≥ 0. These different possibilities for the tail
shape are named Gumbel (ξ = 0), Fréchet (ξ > 0) and Weibull (ξ < 0).

Extreme value theory is particularly useful for determination of larger
quantiles, ie., q-values satisfying P(X > q) = 1− p for large values of p. This
task is particularly hard to achieve under other contexts due to scarcity of the
data but EVT provide the theoretical framework to tackle this problem. Thus,
q can be found by inversion of the d.f. of the GPD equation p = G(q | ξ ,σ ,u)
for any given probability p ∈ [0,1]. This gives
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q =

{
u+ ((1−p)−ξ−1)σ

ξ
, if ξ 6= 0

u−σ log(1− p), if ξ = 0
. (3.50)

These quantiles are important design parameters especially in extreme
cases with p approaching 1 and we shall concentrate on their estimation. Nasci-
mento et al. (2011) [2] used a GPD distribution to calculate lower quantiles
P(X < q) = 1− p for the minimum temperatures of cities in the state of Rio de
Janeiro, in Brazil, reversing the curve of minimum density, and then returning
the data in the original scale to calculate quantiles and threshold.

2. Study of the shape parameter of the GPD

The sign of the GPD shape is also important to identify the support of the
underlying process. It is well known that if the shape parameter ξ is non-
negative, the distribution has a heavy tailed behavior and the distributions in
its domain of attraction have infinite support. In the Weibull regime (ξ < 0),
the distribution is light tailed and the distributions in its domain of attraction
have infinite support. In the Gumbel regime (ξ = 0), the GPD has special
properties, and the distributions in its domain of attraction may have finite or
infinite support. The Gumbel behavior is common in many applications and
should be studied in detail.

Usual approaches for study of the shape parameter either assume knowl-
edge of the limiting regime or assume the shape to vary continuously over its
possible values. One of the main difficulties there is the evaluation of whether
ξ = 0. Coles (2001) [1], on pages 80 and 81, report numerical instabilities in
the likelihood function when ξ ≈ 0.

In this study, identification of the Gumbel tail behavior is explicitly con-
sidered, since in many of the applications cited above this seems to take place.
Our approach allows for evaluation of the probabilities of the three limiting
regimes, afforded by a mixed distribution for the shape ξ .

3. The model
We propose an observational model that takes into account the complete

range of the data, bearing in mind the need to estimate extreme quantiles, us-
ing a nonparametric approach by mixture of Gammas below a threshold and
GPD for values higher than a threshold. [3] showed that a mixture of Gamma
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distributions is an efficient procedure for non-parametric density estimation be-
low a threshold for positive data. Their mixture model with Gammas and GPD
(MGPD, in short) has density given by

f (x|θ ,p,Ψ) =
{

h(x | µ,η ,p), if x≤ u
[1−H(u | µ,η ,p)]g(x|Ψ), if x > u (3.51)

where h and H are respectively the density and cumulative functions of a finite
mixture of Gamma distributions, and g is the GPD density with parameters
Ψ = (u,σ ,ξ ).

Parameters are estimated under the Bayesian paradigm by MCMC. The
difference will be in the characterization of the shape parameter ξ , and this will
be made explicit through its prior distribution. We are specifically concerned
here in the determination of the limiting regime under which the data belongs.
So, the prior distribution for ξ will explicitly consider this distinction among
the regimes through a mixed distribution.

A difficulty arises from the discreteness of the Gumbel regime, associated
with ξ = 0. If a continuous distribution is assumed for ξ , testing for Gum-
bel could be performed by either checking if the HPD credibility interval of
high level (say 0.95) includes 0 or by evaluating the probability of the set
{ξ : π(ξ |x) > 0}. A large value for this probability would indicate that the
Gumbel regime is not supported by the data.

The main novelty of this work is the explicit evaluation of the probabilities
associated with the limiting regimes. This is afforded by appropriately setting
the prior distribution for the shape parameter ξ . Instead of considering a con-
tinuous prior distribution, the possibility of ξ taking the value 0 is assigned a
positive probability. Thus, a mixed distribution is proposed for ξ , consider-
ing separately the probabilities associated with the three possible limiting tail
behaviors: Gumbel (ξ = 0), Fréchet (ξ > 0) and Weibull (ξ < 0).

When ξ is positive or negative, continuous densities are assumed for these
regions. This mixed setting can be rephrased with the insertion of latent
quantities (Zξ ,Qξ ). The three-dimensional quantity Zξ = (z+

ξ
,z0

ξ
,z−

ξ
), where

z+
ξ

+ z0
ξ
+ z−

ξ
= 1, indicates the signal of ξ , where z+

ξ
= 1 indicates that ξ > 0,

z0
ξ

= 1 indicates that ξ = 0 and z−
ξ

= 1 indicates that ξ < 0. The importance of
Zξ is that the probability of the data tail behavior can be obtained through its
distribution. The quantity Qξ shows the probability of ξ be positive, negative
or null, given by Qξ = (q+

ξ
,q0

ξ
,q−

ξ
), where q+

ξ
+ q0

ξ
+ q−

ξ
= 1. The joint prior

of these parameters is given by

p(ξ ,Zξ ,Qξ ) = p(ξ | Zξ ,Qξ )p(Zξ | Qξ )p(Qξ ) = p(ξ | Zξ )p(Zξ | Qξ )p(Qξ ),
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where conditional independence between ξ and Qξ given Zξ is assumed. The
distribution of ξ | Zξ is assigned in the following specification

ξ | z+
ξ

= 1∼ Gamma(aξ ,bξ ), ξ | z0
ξ

= 1∼ δξ=0

and ξ | z−
ξ

= 1∼U(−0.5,0), (3.52)

where the parameters aξ ,bξ may be chosen so that the prior distribution of the
positive part is vague, δ is the Dirac function.

This work shows simulations and applications to rainfall data in Portugal
and river flow in Puerto Rico. Results from the proposed model illustrate the
efficiency of the estimation method and the accuracy in estimating extreme
quantiles. The method is compared with standard approaches that consider an
absolutely continuous distribution for ξ . Results show that in some applica-
tions, there is a high probability of the tail shape ξ parameter equal 0.
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Abstract: In South of continental Portugal to study the extent of dryness and the
heavy rainfall events is of great importance by its contribution in the evaluation of
desertification and in the identification of areas potentially at risk. Data we are going
to analyse have been collected monthly in several stations, along 66 years. The
domain of study for analysing those data stays in the intersection of two statistical
areas: extreme value theory and geostatistics. Recently a variety of statistical tools
have been used for the spatial modeling of extremes, including Bayesian hierarchical
models, copulas and max-stable random fields. Here max-stable processes will be
revisited, recent computational procedures developed in R language will be presented
and discussed using the data set aforementioned.

Key words and phrases: Geostatistics, Max-stable processes, Monthly precipitation,
R software, Spatial Extremes.

1. Introduction
Portugal, located in the southwesterly extreme of the Iberian Peninsula (be-
tween 37o and 42o N and 6.5o and 9.5o W), shows different spatial precipitation
distribution along its territory. The precipitation regimes are of a different na-
ture in northern and southern regions of Portugal. In southern Portugal, during

13Research partially supported by National Funds through FCT – Fundação para a Ciência
e a Tecnologia, projects PEst-OE/MAT/UI0006/2011 (CEAUL), PEst-OE/MAT/UI0297/2011
(CMA/UNL) and EXTREMA, PTDC/MAT/101736/2008.
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summer time, precipitation is almost close to zero, but occasionally storms can
occur. There are some studies looking for the existence of trends and other tem-
poral patterns in extreme precipitation. For this, indices were introduced and
investigated and uncertainty about rainfall patterns evolution was assessed, see
e.g. Costa and Soares (2008) , that also give a reference survey in the subject.

Although interest lies in extreme behaviour of precipitation, many studies
do not consider statistics of extremes theory. In this situation data are collected
in stations and usually present a temporal aspect, a spatial aspect or both. So an
adequate spatial analysis of the extremes needs to be considered for adequate
risk management. The purpose of this work is to extend procedures already
discussed in an exploratory study of rainfall modeling and presented in Neves
and Prata Gomes (2011) and discuss in more detail R procedures for doing the
analysis.

2. Background and the case study

Classical geostatistics, widely used for spatial data, is mostly based on multi-
variate normal distributions that are inappropriate for modeling extreme events.
The analysis of spatial extreme data lies at the intersection of two statistical ar-
eas: extreme value theory and geostatistics. A variety of statistical tools have
been used for the spatial modeling of extremes, including Bayesian hierarchi-
cal models, copulas and max-stable random fields. A recent and very good
survey is Cooley et al. (2012) and Davison et al. (2012), also with applica-
tions. Theory of max-stable processes can be seen as an extreme value analogy
of Gaussian processes. Two different characterizations have been proposed in
Smith (1990) and Schlather (2002). The purpose of this talk is to review and to
investigate how max-stable processes behave in a practical context of modeling
precipitation extreme values.

Our database consists of monthly precipitation data collected from 1941-
2006 in several locations in South of Portugal. Precipitation series were com-
piled from the European climate assessment (ECA) dataset and the National
System of Water Resources Information (Sistema Nacional de Informação de
Recursos Hidricos (SNIRH), managed by the Portuguese Institute for Water)
database.

Another feature of our work is to explore some functions existing in R
environment, mainly those included in SpatialExtremes, Ribatet (2009).
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Abstract: We discuss ways of constructing multivariate extreme value distributions
(MEVDs) from simpler pieces. The first method is the max product of a matrix
with a MEVD gives a way of combining MEVDs to form new MEVDs. The second
method is structured models for a temporal and spatial type of dependence. Finally,
we describe ways to construct MEVDs on graphs.
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1. Introduction

Let X = (X1, . . . ,X−d)T be a d-dimensional Fréchet random vector with loca-
tion index ξ , location µ and spectral measure H supported on the unit simplex
W. In [1], the scale function

σ(u) =

[∫
W

(
d∨

i=1

wiu
ξ

i

)]1/ξ

is used to characterize MEVDs. Such an X will be denoted by
X ∼Fr(X ,µ,σ(·)). We will use this concept in constructing MEVDs.

14Research partially supported by ARO grant W911NF-12-1-0385.
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1.1 Max products
Define the max product of a d×m matrix A and a m vector v to be the d-vector
given by

A×max v :=
(
∨m

j=1a1 jv j, . . . ,∨m
j=1ad jv j

)T
.

The following gives one way of constructing new MEVDs from other ones.

Lemma 3.3. Let Y be an m-dimensional Fr(ξ ,0,σY (·)) random vector and let
A be a d×m matrix of nonnegative real numbers. Then X = A×max Y is a
d-dimensional Fr(ξ ,0,σX(·)) with σX(u) = σY (AT ×max u) for each u ∈ Rd

+.

1.2 Structured and nested models
The idea of temporal dependence is rather common in practice, and one is
often interested in modelling a dependence on the “past”. To do this for a
univariate EVD time series model with a discrete spectral measure, define Xt =
∨m

k=0akZt−k, for t ∈ {1, . . . ,d}. This can be equivalently written as A×max Z
in terms of a (m + d)-vector of i.i.d. Fréchet Zi’s, and a d× (m + d) matrix of
coefficients A that is a band matrix. Note that in this case, the discrete spectral
measure H of the series (X1, . . . ,Xd) is supported on (m+1) dimensional faces
of the d-dimensional unit simplex, with a fixed structure. One can then extend
this concept for a multivariate time series with a discrete spectral measure: this
is essentially the M4 process of [3].

Introducing time series models via generalized logistic distributions has
been done in a univariate framework in [2], with the stable terms being the sum
of a finite number of “past” terms: Xt = StZt , where St = ∑

m
k=0 akTt−k and Ti

are independent and identically distributed univariate positive stable. Note that
in this case the stable spectral measure is supported on (m + 1)-dimensional
“faces” of the unit sphere, again with a fixed structure. This model can be
presented as the stable discrete spectral measure Λ(·) = ∑

m
j=0 λ jδs j(·). It corre-

sponds to the stable spectral measure of the vector S = PT for T = (T0, . . . ,Tm)T

and P = [Pi j] a matrix of size d× (m + 1), where P· j its jth-column satisfies
P· j = λ

1/α

j s j. Note that one can also extend this construction to multivariate
time series.

A similar idea can be used in spatial models, where nearby components are
dependent. Let T = (t1, . . . , tk)T be an index of locations on a grid T k. Let N0
be a fixed neighborhood of 0. For the discrete spectral measure case, define
XT = ∨ j∈N0a jZT+ j for some positive constants a j. This can again be rewritten
as A×max Z. Note that similarly, the generalized logistic case is defined by
XT = ST ZT , where positive stable ST = ∑ j∈N0 a jZT+ j.
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Nested models are ones where there is a chain of models {An,n = 1, . . . ,N}
(for N ≤ ∞) with An ⊂ An+1. This means that if a spectral measure H ∈ An,
then H ∈ An+1. Equivalently, this can be stated in terms of scale functions: if
σ(·) ∈ An then σ(·) ∈ An+1. This may be useful for model selection, where
some criteria is used to decide whether to use a more complex model. We
will describe constructions for different classes of MEVDs: discrete spectral
measures, generalized logistic, and piecewise polynomial spectral densities.

1.3 MEVDs on graphs
A final construction is to build distributions on a graph: Suppose G is a graph
with nodes {vi : i = 1, . . . ,m} and adjacency matrix A: ai, j = 1 if node i is
connected to j, otherwise ai, j = 0. We will write i ∼ j if i is connected to j.
We can define a multivariate Fréchet distribution on G in several ways. For a
discrete spectral model, define Xi =∨ j∼ibi, jZ j. A similar definition can be used
for the generalized logistic distributions, considering Xi = SiZi, where positive
stable Si = ∑ j∼i bi, jZ j. An possible application of this type of models in an
environmental framework will be given.
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Abstract: This paper deals with the nonparametric estimation of the conditional tail
index in presence of random covariates. In particular, it is assumed that the conditional
response distribution belongs to the max-domain of attraction of the extreme value
distribution, and its tail index is estimated locally within a narrow neighborhood of the
point of interest in the covariate space. The moment estimator, originally introduced
in Dekkers et al. (1989), is adjusted to the local estimation context, and its asymptotic
properties are investigated under some mild conditions on the response distribution,
the density function of the covariates, the kernel function, and for appropriately
chosen sequences of bandwidth and threshold parameters.
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1. Introduction

We consider a regression setting where the response variable Y is recorded
along with a random covariate X . Let the conditional distribution function of
Y given X = x be F(y;x) and set F(y;x) := 1−F(y;x). We assume that the
distribution of Y given X = x belongs to the max-domain of attraction of the
generalized extreme value distribution, i.e. there exists a constant γ(x) and a
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positive rate function a(.;x), such that

lim
t→∞

U(ty;x)−U(t;x)
a(t;x)

=
∫ y

1
uγ(x)−1du, (3.53)

for every y > 0, where U(t;x) is the tail quantile function defined as

U(t;x) := inf
{

y : F(y;x)≥ 1− 1
t

}
, t > 1.

The parameter γ(x), called the conditional extreme value index or also condi-
tional tail index, gives important information about the tail heaviness of F(y;x).
It allows to distinguish between heavy tails (γ(x) > 0), moderate tails (γ(x) = 0)
and light tails (γ(x) < 0).

2. The local moment estimator and asymptotic
properties
Let (Xi,Yi), i = 1, . . . ,n, be independent copies of the random vector (X ,Y ) ∈
Rp×R+, where the conditional distribution of Y given X = x satisfies (3.53).
The basic building block for our estimator is the statistic

T (t)
n (x,K) :=

1
n

n

∑
i=1

Khn(x−Xi)(lnYi− lnωn)
t
+ 1{Yi > ωn} , t = 0,1, . . . ,6, (3.54)

where Khn(x) :=
K( x

hn )
hp

n
, K is a joint density on Rp, hn is a positive non-random

sequence satisfying hn → 0 as n→ ∞, (x)+ := max(0,x), 1{A} denotes the
indicator function of the event A and ωn is a local non-random threshold
satisfying ωn→ y∗(x) for n→ ∞, where y∗(x) indicates the right endpoint of
F(y;x) defined as y∗(x) := sup{y : F(y;x) < 1}.

Looking at the moment estimator from the univariate framework (Dekkers et
al., 1989), we introduce our local moment estimator

γ̂n(x) :=
T (1)

n (x,K1)

T (0)
n (x,K0)

+1− 1
2

1−

(
T (1)

n (x,K1)

T (0)
n (x,K0)

)2

T (2)
n (x,K2)

T (0)
n (x,K0)


−1

, (3.55)

for kernel functions K0, K1 and K2. In order to obtain the limiting distribution
of (3.55) we need to impose a second order condition on the tail behavior of
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F(y;x), specifying the rate of convergence in (3.53).

Assumption (R) There exists constants γ(x) ∈ R and ρ(x) ≤ 0, a posi-
tive rate function a(.;x) and a function A(.;x) not changing sign ultimately,
with A(t;x)→ 0 for t→ ∞, such that

lim
t→∞

U(ty;x)−U(t;x)
a(t;x) −

∫ y
1 uγ(x)−1du

A(t;x)
=
∫ y

1
sγ(x)−1

∫ s

1
uρ(x)−1duds, (3.56)

for all y > 0.
Since our main statistic (3.54) is expressed in terms of log-excesses, we need a
reformulation of (3.56) in terms of lnU(y;x). To this aim we need to introduce
some notation. We refer to Fraga Alves et al. (2007) for more details. Let

A(t;x) :=
a(t;x)
U(t;x)

− γ+(x), γ+(x) := max(0,γ(x))

and

`(x) := lim
t→∞

(
U(t;x)− a(t;x)

γ(x)

)
∈ R for γ(x)+ρ(x) < 0.

Then, according to Theorem 2.1 in Fraga Alves et al. (2007), we have that

A(t;x)→ 0 and
A(t;x)
A(t;x)

→ c, for t→ ∞,

if ρ(x) 6= γ(x), where

c =


0, γ(x) < ρ(x)≤ 0

γ(x)
γ(x)+ρ(x) , 0≤−ρ(x) < γ(x) or (0 < γ(x) <−ρ(x) and `(x) = 0)
±∞, γ(x)+ρ(x) = 0 or (0 < γ(x) <−ρ(x) and `(x) 6= 0)

or ρ(x) < γ(x)≤ 0

.

With this notation we set

B(t;x) :=


A(t;x), c =±∞

γ(x)
γ(x)+ρ(x)A(t;x), c = γ(x)

γ(x)+ρ(x)
A(t;x), otherwise

and

ρ̃(x) :=

{
ρ(x), c = γ(x)

γ(x)+ρ(x)
−γ(x), c =±∞

.
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In the following, we assume that the random vector X has density g(x) for
x ∈ Rp and we let ‖ · ‖ be some norm on Rp. Besides the second order
condition, we need some other mild conditions.

Assumption (G ) There exists cg > 0 and ηg > 0 such that |g(x)− g(z)| ≤
cg‖x− z‖ηg ∀x,z ∈ Rp.

Assumption (K ) K is a bounded density function on Rp, with support
Ω included in the unit hypersphere in Rp.

Assumption (F ) The conditional expectation m(ωn, t;x) := E
[
(lnY − lnωn)

t
+

1(Y > ωn) |X = x] satisfies that, for ωn→ ∞, hn→ 0,

Φ(ωn,hn;x) := sup
t∈{0,1,2,3,4}

sup
z∈Ω

∣∣∣∣m(ωn, t;x− zhn)
m(ωn, t;x)

−1
∣∣∣∣→ 0 if n→ ∞.

Under these conditions, we can show asymptotic normality of our proposed
estimator.

Theorem 3.7. Let (X1,Y1) , . . . ,(Xn,Yn) be independent copies of the random
vector (X ,Y ), and let g denote the density function of X. Assume (R), (G ) and
(F ) are satisfied and that the kernel functions K0, K1 and K2 satisfy (K ). For
all x ∈Rp where g(x) > 0 we have that if hn→ 0, ωn→∞ and nhp

nF (ωn;x)→
∞ for n → ∞ with

√
nhp

nF (ωn;x)B
(

1
F(ωn;x) ;x

)
→ λ (x) for some constant

λ (x) ∈ R, nhp+2ηg
n F (ωn;x)→ 0 and nhp

nF (ωn;x)Φ2 (ωn,hn;x)→ 0, then√
nhp

nF (ωn;x)(γ̂n(x)− γ(x)) D→ N
(
λ (x)µ,V t

ΣV
)
,

where

µ =


γ(x)(1−ρ̃(x))+ρ̃(x)

γ(x)(1−ρ̃(x))2 , γ(x) > 0

(1−2γ(x))(1− γ(x))2
[
−2b(1)

γ(x),ρ(x) +
1
2(1−2γ(x))b(2)

γ(x),ρ(x)

]
+1{ρ(x)<γ(x)≤0}

1−γ(x) , γ(x)≤ 0

with

b(1)
γ(x),ρ(x) =


1

γ(x)(1−γ(x))2 , γ(x) < ρ(x) = 0
1

ρ(x)(1−γ(x)−ρ(x)) , γ(x) < ρ(x) < 0

− 2−3γ(x)
γ(x)(1−γ(x))(1−2γ(x)) , ρ(x) < γ(x) < 0
−1, ρ(x) < γ(x) = 0
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and

b(2)
γ(x),ρ(x) =


2(2−3γ(x))

γ(x)(1−γ(x))2(1−2γ(x))2 , γ(x) < ρ(x) = 0
2(2−2γ(x)−ρ(x))

ρ(x)(1−γ(x))(1−γ(x)−ρ(x))(1−2γ(x)−ρ(x)) , γ(x) < ρ(x) < 0

− 8−18γ(x)
γ(x)(1−γ(x))(1−2γ(x))(1−3γ(x)) , ρ(x) < γ(x) < 0
−6, ρ(x) < γ(x) = 0

,

while V is a vector that depends on γ(x), ρ(x) and Σ is a positive definite matrix
which depends on γ(x), ρ(x), g(x) and the kernel functions K0, K1 and K2.
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Spain
E-mail: mpadilla@mat.uab.cat

Abstract: The peaks over thresholds method is used for estimating high quantiles
of distributions. The main goal is select the point from which the generalized Pareto
distribution (GPD) may be used. Here we are interested in this problem when the tail
distribution has compact support, as happens in hydrology and other environmental
sciences.
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1. Introduction
The generalized Pareto distribution (GPD) is closely related to the extreme
values theory. Since [5] Pickands (1975) is well known that the residual distri-
bution of any random variable follows approximately a GPD. The cumulative
distribution function for the GPD is given by

F(x) = 1− (1+ξ x/ψ)−1/ξ (3.57)

where ψ > 0 and ξ are scale and shape parameters. For ξ > 0 the range of
x is x > 0 and the GPD is the Pareto distribution. For ξ > 0 the range of x
is 0 < x < −ψ/ξ ; then the GPD has bounded support. The limit case ξ = 0
corresponds to the exponential distribution.

[2] Castillo, Daoudi and Lockhart (2011) have developed new methods to
distinguish between polynomial and exponential tails of a distribution. In this
work the applicability of the above methods to distinguish between tails with
exponential decrease and tails with finite support is studied. This allows us to
distinguish between tails that behave asymptotically as GPD with ξ < 0 and
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ξ = 0. These distributions have been used to model exceedances in fields such
as hydrology, see [3] Castillo and Hadi (1997).

2. The residual coefficient of variation
The coefficient of variation (CV) of a GPD plays an important role in this
work. It determines the behaviour of the likelihood function, see [1] Castillo
and Daoudi (2009), and a constant residual CV characterizes the GPD, see [4]
Gupta and Kirmani (2000).

The CV of the residual distribution for a GPD from a threshold u takes the
following form

CV (u) =
√

1/(1−2ξ ), (3.58)

which is always defined for the case of finite variance (ξ < 0.5) in particular
when there are compact support (the case ξ < 0), it takes values smaller than
1. In the extreme case ξ = 0 we have that CV is exactly 1.

The methods of [2] Castillo, Daoudi and Lockhart (2011) are based on the
study of the process that assigns each threshold the coefficient of variation of
the residual distribution.

Given that this value remains constant for any residual distribution from
a threshold u, we can make the graphic analysis of a sample of data drawn
for each threshold value of CV (u), so if there is a trend around a constant
value smaller than 1 may be thought to follow the distribution of these data is
compactly supported. This chart is called CV-plot.

We have applied the graphics methods and we have made different contrasts
on data from Bilbao waves, see [3] Castillo and Hadi (1997), and we have
compared our results with theirs. Figure 3.8 shows the CV-plot of these data
set having first subtracted the value 7, of the initial threshold. All graphics have
been made in R language, see [6] R Development Core Team (2010).

3. The mixture of distributions
In this work we study the mixture of GDP with finite support, which is also a
distribution with finite support, but with a much larger coefficient of variation
of the distributions involved in the mixture.

Using the parametritzation β = −1/ξ > 0, σ = −ψ/ξ , the probability
density function of the GPD with compact support is

p(x;β ,σ) = βσ
−1(1− x/σ)β−1, (3.59)
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for 0 < x < σ , therefore, the mixture of GPD with finite support takes the
following form

f (x) = λ p1(x)+(1−λ )p2(x) (3.60)

where pi(x)=p(x; βi, σi).
Given λ , σ1 and σ2, taking β1=β2= β from the following expression

β =
−σ2

1 λ +4σ1λσ2−4σ1λ 2σ2 +2σ2
2 λ 2−3σ2

2 λ +2σ2
1 λ +σ2

2
λ (2σ1λσ2−σ2

2 λ +σ2
1 −2σ1σ2 +σ2

2 −σ2
1 λ )

(3.61)

gives a mixture distribution with CV(0)=1. Hence, the samples from the cor-
responding distribution looks like and exponential distribution and we face the
problem of select the threshold from which the residual distribution belongs
to GPD. A test based on the CV could accept a mixture as exponential, while
our tests based on different thresholds, are able to detect cases as we have just
outlined.

Figure 3.8 shows the theoretical CV-plot of three GPD mixtures with com-
pact support; parameters given by the Table 3.1, which shows also the CV of
the mixture and the two GPD appearing in it.

Figure 3.8: In left CV-plot from Bilbao waves. In right theoretical CV-plot for different
mixtures.

Table 3.1: Parameters selected to represent CV-plot.

λ β1 σ1 β2 σ2 CV(0) CV1 (0) CV2 (0)
0.9 12.76 0.7 8.53 1 1 0.93 0.9
0.6 1.92 0.3 2 1 1 0.70 0.707
0.45 1.69 0.1 0.5 1 1 0.94 0.45
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Abstract: Extreme value theory is nowadays largely used in a wide range of
applications. Accurately modeling extreme events has become more and more exigent
and the analysis requires tools that must be simple to use but also should consider
complex statistical models in order to produce valid inferences. To deal with accurate,
friendly, free and open-source software, such as the R environment, is particularly
important. The objective of this work is to review some of the available R packages
and functions therein by performing an exploratory data analysis, revisiting graphical
techniques and also modeling extreme value data. Daily mean river levels from
hydrometric station at Fragas da Torre, during the years from 1946/47 to 1996/97
were considered for illustrating R procedures in extreme value analysis.
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1. Introduction
The asymptotic theory of distribution of sample extremes has been developed
based on analogue arguments to those of the central limit theory. First re-
sults date back to Fréchet (1927), Fisher and Tippett (1928), von Mises (1936)

15Research partially supported by National Funds through FCT — Fundação para a
Ciência e a Tecnologia, projects PEst-OE/MAT/UI0006/2011, PEst-OE/MAT/UI0297/2011
(CMA/FCT/UNL) and EXTREMA, PTDC/FEDER



Extremes in Vimeiro Today 133

but was Gnedenko (1943) who gave conditions for the existence of sequences
{an ∈ R+} and {bn ∈ R} such that,

lim
n→∞

P{(Mn−bn)/an ≤ x}= lim
n→∞

Fn(anx+bn) = G(x) ∀x ∈ R, (3.62)

where G is a nondegenerate distribution function(d.f), called Extreme Value
distribution function and is usually denoted by EVγ . This function is given by

EVγ(x) =
{

exp[−(1+ γx)−1/γ ], 1+ γx > 0, i f γ 6= 0 ;
exp[−exp(−x)], x ∈ R, i f γ = 0.

For a function F verifying (3.62) we say that it is in the domain of attraction
(for maxima) of EVγ and write F ∈DM (EVγ).

The EVγ known as the von Mises-Jenkinson representation incorporates
the three (Fisher-Tippett) types and is the general form for the following
distributions for maxima: Λ(z) = exp(−exp(−z)) = EV0(z), z ∈ R, γ = 0.
(Gumbel); Φγ(z) = exp(−z−1/γ) = EVγ( z−1

γ
), z > 0, γ > 0 (Fréchet) and

Ψγ(z) = exp(−(−z)1/γ) = EVγ(−z−1
γ

), z < 0, γ < 0 (Weibull).
The EVγ d.f. can also incorporate location, µ , and scale, σ > 0, parameters.
The shape parameter γ is called extreme value index and measures the heav-

iness of the right-tail, F := 1−F .
Some well documented packages in R are here briefly described and some

basic data analysis will be performed for illustrating the application of func-
tions included into those packages.

2. Extreme data analysis and R software
The software R is an open source language for statistical computing, which al-
lows the manipulation and data analysis, numerical computation and graphical
production.

An excellent software review for extreme value analysis in R software as
well as in other software packages, can be seen in Gilleland et.al. (2013).
These authors gave a summary of available utilities in the packages analyzed.
Here we will consider a few packages and functions therein that will be ex-
plained and used in basic data analysis. Some functions, including recent esti-
mators and methodologies of computational statistics, have been constructed.

Here, some packages devoted to extreme value analysis, e.g. evd, ismev,
evir, fExtremes, evdbayes, copula, POT, are reviewed. They are used
in the data set of daily mean river levels from hydrometric station at Fraga,
during the years from 1946/47 to 1996/97.
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1. Introduction
Recently, a new field of limit theorem has been discovered, which is called al-
most sure central limit theorem (ASCLT). Many results have been obtained for
independent and dependent random variables. The first results on ASCLT, re-
ported in the papers of Brosamler (1988), Schatte (1988) and Lacey and Philipp
(1990), dealt with partial sums of independent and identically distributed (i.i.d.)
random variables.

For an i.i.d. sequence {Xn}n∈N with zero mean, unit variance and partial
sum Sk = ∑

k
i=1 Xi, k ≥ 1, the simplest version of the ASCLT states that

1
logn

n

∑
k=1

1
k

1I{Sk≤
√

kx} →Φ(x) a.s.

for any fixed x ∈ R, where a.s. means almost surely, 1IA denotes the indicator
function of the event A and Φ(x) is the standard normal distribution function.

Later on, Fahrner and Stadmüller (1998), Cheng, Peng and Li (1998) and
Berkes and Csáki (2001) extended the ASCLT for the maximum of i.i.d. ran-
dom variables.

16This research was partially supported by National Funds through FCT-Fundao para
a Cincia e a Tecnologia, project PEst-OE/MAT/UI0212/2011, and by FEDER funding
through COMPETE program and national funding through FCT within the research project
PTDC/MAT/108575/2008
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Let {Xn}n∈N be an i.i.d. sequence, and let Mk = max1≤i≤k Xi denotes the
partial maximum, k ≥ 1. If there exist normalizing constants ak > 0, bk ∈ R
and a nondegenerate distribution function G(x) such that

P(Mn ≤ anx+bn)→ G(x),

then we have
1

logn

n

∑
k=1

1
k

1I{Mk≤akx+bk}→ G(x) a.s.,

for any continuity point x of G. It is well known that G(x) must be of the same

type as the extreme value distribution G(x) = exp
{
−(1+ γx)−

1
γ

}
, where γ is

the so-called extreme value index.
For almost sure convergence related to the normalized maximum of station-

ary or nonstationary normal sequences see Csáki and Gonchigdanzan (2002),
Zouxiang and Nadarajah (2011) and Chen and Lin (2006). More recently AS-
CLT was extended to the maximum of stationary normal random fields by Choi
(2010).

The purpose of this paper is to obtain an almost sure limit theorem for the
maximum of nonstationary normal random fields.

2. Main result
Random fields theory has numerous and diverse applications. These include
image analysis, atmospheric sciences and geostatistics, among others. Re-
cently, a considerable amount of work has been done in extending results of
Extreme Value Theory to random fields which have Zd

+ as their parameter
space, where Z+ is the set of all positive integers. Although their lack of
easy separation of “past” and “future”, a general version of the classical “Ex-
treme Types Theorem” was given and the existence of the extremal index is
shown, by replacing a single “global” dependence restriction by several as-
sumptions, each dealing with one coordinate direction, for which “past-future”
separation is considered (Leadbetter and Rootzén (1998), Ferreira and Pereira
(2008), Pereira and Ferreira (2006)).

An important class of random fields is that of normal random fields since
they are reasonable models for many natural phenomenon, estimation and in-
ference are simple and the model is specified by expectations and covariances.

In Pereira (2010) is presented a class of nonstationary random fields for
which the probability of no exceedances of high values can be approximated
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by exp(−τ), where τ is the limiting mean number of exceedances. In this paper
we obtain its almost sure version.

In the sequel, for j = ( j1, j2) ∈ Z2
+ and k = (k1,k2) ∈ Z2

+, j ≤ k means
ji ≤ ki, i = 1,2, and n = (n1,n2)→ ∞ means ni→ ∞, i = 1,2. We denote the
rectangle of points {1, . . . ,k1}×{1, . . . ,k2} by Rk, k = (k1,k2) ∈ Z2

+, and its
cardinality by ]Rk.

Proposition 3.8. Let X = {Xn}n∈Z2
+

be a nonstationary normal random field
with E(Xi) = 0, Var(Xi) = 1, i ≥ 1, and correlations ri,j, i≥ 1, j≥ 1, satisfy-
ing

∣∣ri,j
∣∣ ≤ ρ(|i1− j1|,|i2− j2|) , i 6= j, for some sequence {ρn}n∈N2

0−{0}
such that

supn∈N2
0−{0}

|ρn|< 1 and

ρn log(n1n2) = O
(
(logn1 logn2)

−ε1
)
, ρ(n1,0) logn1 = O

(
(logn1)

−ε2
)
,

ρ(0,n2) logn2 = O
(
(logn2)

−ε3
)

(3.63)

for some εi > 0, i = 1,2,3. Let {kni}ni≥1, i = 1,2, be sequences of in-
teger valued constants such that (kn1,kn2) → ∞, as n → ∞, and let the se-

quences of constants
{

un,i : i≤ n
}

n≥1 be such that
{

∑
i≤n

(
1−Φ

(
un,i
))}

n≥1
is

bounded, uk,i < ul,i when k1 < l1∨k2 < l2, and λn = min
i≤n

un,i ≥ c(log(n1n2))
1
2 ,

for some c > 0. If, for each I ⊆ Rn such that ∑i∈I P
(
Xi > un,i

)
≤

1
kn1 kn2

∑i∈Rn P
(
Xi > un,i

)
, the sequence

{
(kn1kn2)

1
2

n1n2
]
{

i ∈ I :un,i ≥ u(τ)
n

}}
n≥1

is

bounded, for some
{

u(τ)
n

}
n≥1

such that n1n2

(
1−Φ

(
u(τ)

n

))
−−−→
n→∞

τ then,

1
logn1 logn2

∑
k∈Rn

1
k1k2

1I{⋂
i∈Rk{Xi≤uk,i}

}→ exp(−τ) a.s.
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Estimators of extreme value index based on
averaged regression quantiles17
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Abstract: The contribution deals with estimators of extreme value index based on
weighted averaged regression α-quantile in the linear regression model. Jurevcková
and Picek (2013) showed asymptotic equivalence to the α-quantile of the location
model. We show the approximation of the tail quantile function of errors. Following
Drees (1998) we consider a class of smooth functionals of the tail quantile function
as a tool for the construction of estimators in the linear regression context. Pickands,
maximum likelihood and probability weighted moments estimators are illustrated on
simulated and climatological data.
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1. Introduction

Let E1, . . . ,En, n ∈ N be independent and identically distributed random vari-
ables with a common distribution function function F belonging to some max-
domain of attraction of an extreme-value distribution Gγ for some parameter
γ ∈ R, i.e there exists a function a(t) with a constant sign such that for any
x > 0 and some γ ∈ R

lim
t→0

F−1(1− tx)−F−1(1− t)
a(t)

=
x−γ −1

γ
. (3.64)

The relation (3.64) is equivalent to the Fisher-Tippet result: If for some distri-
bution function Gγ(x) and sequences of real numbers a(n) > 0 and b(n), n∈N,
limn→∞ Fn(a(n)x+b(n)) = Gγ(x) for every continuity point x of G, then Gγ is

17Research partially supported by the Czech Republic Grant P209/10/2045
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the extreme value distribution, i.e. Gγ(x) = exp(−(1+γx)−1/γ), γ 6= 0, and the
case γ = 0 is interpreted as the limit γ → 0.

The problem of estimating the so-called extreme value index γ , which de-
termines the behavior of the distribution function F in its upper tail, has re-
ceived much attention in the literature, see e.g. [2] and references cited there.
More attention has been paid to estimators that are based on a certain num-
ber of upper order statistics. They are usually scale invariant but not invariant
under a shift of the data, see [1] for some examples.

However, one of the challenging ideas of the recent advances in the field of
statistical modeling of extreme events has been the development of models with
time-dependent parameters or more generally models incorporating covariates.

Therefore, in the present paper we aim at extending the general result given
in [3] to linear regression. Consider the following linear model

Y = β01n +Xβ +E, (3.65)

where Y = (Y1, . . . ,Yn)> is a vector of observations, X is an (n× p) known
design matrix with rows xi = (xi1, . . . ,xip)′, i = 1, . . .n, 1n = (1, . . . ,1)> ∈ Rn,
E = (E1, . . . ,En)> is a vector of i. i. d. errors with an unknown distribution
function F , β0 and β = (β1, . . . ,βp)> are the unknown parameters.

In this contribution we describes the construction of the averaged regres-
sion quantiles see [4] and then following [3] we establish the approximation
for the tail quantile function of residual and we show the consistency and the
asymptotic distribution of functionals of the tail quantile function.
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Modelling short-range temporal dependence
within extremes of financial time series18
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Abstract: To characterise the extremal behaviour of the series of a stationary time
series, attention has been given to the within-cluster behaviour of the extremes of a
series, which is determined by the short-range temporal dependence. Most of its char-
acterization has been done based on the assumption of Markovianity of the time series,
as the class of dth-order Markov chains is sufficiently general and tractable.

We consider here joint tails of the distribution of two consecutive pairs (Xi,Xi+1)
of a first-order stationary Markov chain being modelled by the asymptotically
motivated joint tail model described in Ramos and Ledford (2009). Applying this
modelling approach to daily log-returns of stock indices, we examine both the upper
and the lower joint tails, which requires the joint estimation of the extremal temporal
dependence structure as well as the tail of the marginal distribution. In particular,
we are interested in studying the strength of extremal dependence in both joint tails
and the heaviness of the tails. We also examine the within-cluster behaviour of the
extremes of the series by estimating the threshold dependent extremal index.

Key words and phrases: Multivariate extreme value theory, modelling dependence,
asymptotic independence, Markov chains.
.

1. Ramos and Ledford approach
Let (X1,X2) be a bivariate random variable with joint distribution function F
and margins F1 and F2 and consider the transformations Yi =−1/ logFi(Xi) for
i = 1,2, so that Yi has unit Fréchet distribution, Pr(Yi ≤ y) = exp(−1/y) for

18Research funded by the European Regional Development Fund through the programme
COMPETE and by the Portuguese Government through the FCT – Fundação para a Ciência e
a Tecnologia under the project PEst-C/MAT/UI0144/2011.
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y > 0. Then, the joint survivor function of (Y1,Y2) is assumed to be bivariate
regularly varying with index −1/η , so that

FY1Y2(y1,y2) = Pr(Y1 > y1,Y2 > y2) =
L (y1,y2)

(y1y2)1/(2η)

where η ∈ (0,1] is the coefficient of tail dependence and L is a bivariate
slowly varying function.

Since the marginal variables Y1 and Y2 are standardised to be unit Fréchet
distributed, the parameter η provides a measure of the dependence between the
marginal tails. Let u f denote a high threshold for both unit Fréchet marginal
variables Y1 and Y2. Ramos and Ledford (2009) derived a very flexible smooth
parametric example which they called the η-asymmetric logistic model

FX1X2(x1,x2) =
λ

Nρ

(ρy1

u f

)− 1
η

+
(

y2

ρu f

)− 1
η

−

{(
ρy1

u f

)− 1
α

+
(

y2

ρu f

)− 1
α

} α

η


for x1,x2 > u1 (where u1 is a high threshold in the marginal scale) and

where Nρ = ρ−1/η +ρ1/η− (ρ−1/α +ρ1/α)α/η , η ,α ∈ (0,1] and ρ > 0, y j =
−1/ logFj(x j) ( j = 1,2). This asymptotically motivated model for (X1,X2)
when both marginal variables are simultaneously large obtained in Ramos and
Ledford (2009) provides a single flexible unifying model that has a wide range
of extremal dependence behaviours embedded within it.

2. Fitting a Markov model to the tails of the station-
ary time series
A common approach for statistically modelling the tail of a Markov chain con-
sists of using a determined joint distribution of d-dimensional extreme values to
model the dependence structure between consecutive variables Xi, . . . , Xi+d that
exceed a fixed high threshold u, an approach which is based on the assumption
that the limiting behaviour of the chain holds exactly above the high thresh-
old u. Assuming {Xn}n≥1 to be a first-order stationary Markov chain, Ramos
(2009) suggest modelling the joint tail of the distribution of two consecutive
pairs (Xi,Xi+1) with a bivariate joint tail distribution and extended their results
to dth-order Markov chains. Let {Xn}n≥1 be a stationary first-order Markov
chain with continuous state space and denote its joint distribution function by
F(xi,xi+1), and its marginal distribution by F(x) = Pr(Xi ≤ x) for all i ≥ 1.
Then, we consider the generalised Pareto distribution (GPD) to describe the
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univariate tail behaviour over a high threshold u1, which leads to

F(x) =

{
1−λ1 {1+ξ (x−u1)/σ}−1/ξ

+ , x≥ u1
1−λ1, x < u1

(3.66)

where s+ = max(s,0), ξ and σ > 0 are shape and scale parameters respectively
and λ1 denotes the threshold exceedance probability. The joint distribution of
(Xi,Xi+1) over a joint tail region R11 = (u1,∞)× (u1,∞) is treated in a similar
way. We adopt the η-asymmetric logistic model as a joint tail survivor model
to describe the dependence between consecutive high observations of the chain,
which is given by

F(xi,xi+1) =
λ

Nρ

(ρyi

u f

)− 1
η

+
(

yi+1

ρu f

)− 1
η

−

{(
ρyi

u f

)− 1
α

+
(

yi+1

ρu f

)− 1
α

}α

η


for xi,xi+1 > u1 and where y j =−1/ logF(x j) ( j = i, i+1), F(x) is as defined
in (3.66) and u f =−1/ log(1−λ1) is a high threshold in the unit Fréchet scale.

3. Applications
These methods are applied to financial time series consisting of daily log-
returns of closing prices for stock market indices. We analyse short-range tem-
poral dependence within each series of stock indices returns, characterising the
extremal behaviour of the series. Upper and lower tails of the series are exam-
ined corresponding to large consecutive changes associated with large financial
gains or losses.
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Abstract: In reliability theory any coherent system can be represented as a parallel-
series system. Its lifetime can thus be written as the maximum of minima, and the
possible non-degenerate extreme value laws for maxima are eligible candidates for the
system reliability or at least for the finding of adequate lower bounds for the reliability
of large-scale coherent systems. A penultimate distribution is a better approximation
of such limit laws, in most situations. We use Monte-Carlo simulation studies to
assess the gain in accuracy when a penultimate approximation is used instead of the
ultimate one, in the case of regular and homogeneous parallel-series systems.

Key words and phrases: extreme value theory, penultimate and ultimate approxima-
tions, system reliability, Monte-Carlo simulation.

1. Introduction
The objective of this work is to study the exact reliability function (RF),
RT (t) := P(T > t) = 1−FT (t), of a complex system S with lifetime T and

19Research partially supported by National Funds through FCT – Fundação para a Ciência
e a Tecnologia, projects PEst-OE/MAT/UI0006/2011, PEst-OE/MAT/UI4080/2011, and EX-
TREMA, PTDC/FEDER.
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lifetime distribution function (DF) FT , that can be intractable due to its large
number of components and to the way the operating process uses such compo-
nents. Assuming that the number of components of S goes to infinity, asymp-
totic extreme value (EV) ultimate or limiting models often provide a good in-
terpretation of the RF of S. Considering a fixed large number of components,
pre-asymptotic or penultimate models provide an improvement of the conver-
gence rate and a better approximation to the RF of S.

2. Reliability and Order Statistics
Any coherent system can be represented as either a SP (series subsystems
with components in parallel) or a PS (parallel subsystems with components
in series) system ([2]), and its lifetime can thus be written as the maximum
of minima or the minimum of maxima. Let us denote by T the lifetime of
a coherent system with n components, possibly with common DF F , and by
T1:n ≤ ·· · ≤ Tn:n the ascending order statistics (OS) from a sample (T1, . . . ,Tn).
The relation between OS and reliability is due to the fact that the random vari-
able (RV) T can always be written as a function of the OS associated to the
RVs Ti, 1≤ i≤ n. Indeed, T1:n is the lifetime of a series system, the one that
works if and only if (iff) all its n components work, and Tn:n is the lifetime of a
parallel system, a structure that works iff at least one of its n components work.
A k-out-of-n system, the one that works iff at least k of its n components work,
has lifetime Tk:n, 1≤ k≤ n. And we always have T = TI:n, where I is a discrete
RV with support {1,2, . . . ,n}.

To find the aforementioned representations, we need to identify the so-
called minimal paths—paths without irrelevant components that enable the
system operation, and the so-called minimal cuts—a set of relevant compo-
nents that imply the system failure whenever removed. Generally speaking, let
Pj,1≤ j ≤ p = pn, denote the minimal paths, and C j, 1≤ j ≤ s = sn, the min-
imal cuts. Then, and for non-necessarily identically distributed components,

s

∏
j=1

(
1−∏

i∈C j

Fi(t)
)
≤ RT (t)≤ 1−

p

∏
j=1

(
1−∏

i∈Pj

(1−Fi(t))
)
,

i.e. we can easily build lower and upper bounds for the reliability on the basis of
the minimal cuts (assuming they are independent) and minimal paths (assum-
ing they are disjoint), respectively. For the sake of simplicity, we now assume
that all minimal paths have the same size l = ln and that all minimal cuts have a
size r = rn (the so-called regular system), and that Ri(t) = R(t), 1≤ i≤ n (the
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so-called homogeneous system). Then, with n = rnsn = ln pn, we get(
1− (1−R(t))rn

)sn
≤ RT (t)≤ 1−

(
1−Rln(t)

)pn
.

3. Limiting Results in EVT and Asymptotic Be-
haviour of PS Systems
For large-scale coherent systems it is sensible to assume that the number of
system components goes to infinity. Then ([7]), the possible non-degenerate
extreme value distributions either for maxima (EVMD), given by

G(x)≡ Gγ(x) :=

{
e−(1+γx)−1/γ

, 1+ γx > 0 if γ 6= 0
e−e−x

, x ∈ R if γ = 0,
(3.67)

or for minima (EVmD), given by G∗
θ
(x) = 1−Gθ (−x), the symmetrised version

of the EVMD in (3.67), are eligible candidates for the system reliability or at
least for the finding of adequate lower and upper bounds for such a reliability.
The shape parameters γ and θ , the so-called extreme value index for maxima
and minima, measure the heaviness of the right-tail function (or RF), R(x) :=
1−F(x), as x→+∞ and the left-tail function F(x), as x→−∞, respectively.

Another important problem in EVT is the rate of convergence of
Fn(anx+bn) towards Gγ(x), that depends strongly on the right-tail (or left-
tail) of F , on the choice of the attraction coefficients, and can be rather slow,
as first detected in [5]. Modern theory of rates of convergence in EVT be-
gan with Anderson ([1]) and Galambos ([6]). In [9] a review on the subject
is done and developments can be found in [3]. Apart from [8] and [11], we
refer here only [10], who derived exact penultimate approximation rates, under
von Mises-type conditions and some differentiability assumptions. The penul-
timate behaviour has also been studied by [12] and [4], among others.

On the basis of the main theorem in [10], and the results in [13] and [14], for
PS systems, we can now state the following result, that establishes the ultimate
and penultimate models for a sequence of RFs of a regular and homogeneous
PS system.

Theorem 3.8. Let F ∈ Dm(G∗
θ
), the min-domain of attraction of G∗

θ
, i.e. as-

sume that there exist sequences {an > 0} and {bn ∈ R} such that F1:n(anx +
bn) := (1− F(anx + bn))n −→

n→∞
G∗

θ
(x) , for all x ∈ R and where G∗

θ
is the

EVmD. Given an integer sequence pn → ∞, such that pneln = o(1), and
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en := supx∈R |F1:n(anx + bn)−G∗
θ
(x)|, and ln → ∞, with ln pn = n, there exist

sequences {αn > 0} and {βn ∈ R} such that

Hn(αnx+βn) :=
(

1−
(

1−F(αnx+βn)
)ln)pn

−→
n→∞

Λ(x)≡ G0(x), ∀x ∈ R.

Consequently, for a regular homogeneous PS system, composed by pn parallel
subsystems with ln components in series, the sequence of RFs, suitably nor-
malised is such that,

Rn(αnx+βn) := 1−
(

1−
(

1−F(αnx+βn)
)ln)pn

−→
n→∞

1−G0(x), ∀ x ∈ R.

If we further assume that ln→ ∞ and pn(ln2 pn)eln = o(1), as n→ ∞, then, for
all θ 6=−1, there exist a sequence {γn} such that

Hn(αnx+bn)−Gγn(x) = O(1/ ln2 pn), ∀ x ∈ R.

Moreover, we can choose γn = γn(θ) = −(θ +1)/lnn. Consequently, for a
regular and homogeneous PS system, the sequence of RFs is such that

Rn(αnx+bn)− (1−Gγn(x)) = O(1/ ln2 pn), ∀ x ∈ R.

To assess the gain in accuracy when a penultimate approximation is used
instead of the ultimate one, we use Monte Carlo simulations of PS systems
with lifetime components from different models, including the EVmD(θ) and
the GPmD(θ) =− ln(1−EVmD(θ)). A goodness of fit test for the EVMD with
known shape parameter and unknown location and scale parameters is applied
to test the penultimate law, i.e the null hypothesis Hn (x) = Gγn ((x−λ )/δ ),
with γn = −(θ +1)/lnn and λ ,δ unknown (location and scale) parameters.
Furthermore, to see whether the estimates of γ are closer to the penultimate
parameter γn rather than to the ultimate parameter zero, we estimate θ through
maximum likelihood using Monte Carlo simulation.
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Abstract: It is well-known that marginal maxima are asymptotically independent
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1. Introduction
[0,1]-uniformly distributed random variables (rvs) X , Y are tail-independent
if P(Y > u|X > u) → 0 for u ↑ 1. It is well-known that the pairwise tail-
independence of rvs X1, . . . ,Xd is equivalent to the asymptotic independence.
The rate at which the asymptotic independence is attained can be described by
the “coefficient of tail–dependence” χ̄ (see [5], and also [6]) with χ̄ being equal
to the correlation coefficient ρ in case of normal distributions. An alternative
formulation for the residual tail-dependence may be found in [4]: in place of
a sequence of random vectors one may consider a triangular scheme of nor-
mal random vectors with pairwise correlation coefficients ρ(n) going to 1. The
limiting distribution of the multivariate maximum in each line is an extreme
value distribution with a certain dependence structure. Corresponding results
for other distributions, such as elliptical and t-distributions, are well known.

Bivariate extreme value dfs G can be represented by

G(x,y) = exp
(

(x+ y)D
(

x
x+ y

))
= exp(cD(z)), x,y≤ 0, (3.68)
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where D is the Pickands dependence function, c = x + y and z = x/(x + y).
Subsequently, we make extensive use of the radial and angular coordinates c
and z which are related to the polar coordinates.

Generally, a bivariate df H with support in (−∞,0]2 can be written as

H(x,y) = H
(
c,(z,1− z)

)
,

where again c = x+ y and z = x/(x+ y). This allows to represent the bivariate
H by a family of 1-dimensional dfs

Hz(c) = H(c(z,1− z)), c≤ 0,

for z ∈ [0,1]. In (3.68) we studied the special case of extreme value dfs G.
Apparently, Gz is a reversed exponential df with reciprocal scale parameter
D(z).

Subsequently, we will make use of the densities hz of Hz. The importance
of these densities becomes evident by mentioning the fact that convergence of
hz(c), for c ↑ 0, implies that

hz(c)→ D(z), c ↑ 0, (3.69)

where D is the Pickands-dependence function in (3.68). In addition, first order
results for maxima hold. For D(z) = 1 one gets independence in (3.68). A
consolidated description of this concept may be found in Chapter 5 of the 3rd
edition of the book [1]).

In [2], and the literature cited therein, one may find procedures for testing
the tail-dependence against rates of residual tail-dependence under a refine-
ment of (3.69), regarded as a condition imposed on the spectral density hz(c),
namely,

hz(c) = D(z)+Bβ (c)A(z)+o(Bβ (c)), c ↑ 0, (3.70)

where Bβ is a regularly varying function with exponent β > 0. We have β =
(1− χ̄)/(1+ χ̄).

2. Limiting distributions and expansions
Before dealing with asymptotic expansions we recall a result in [3] concerning
limiting distributions of maxima in triangular schemes. We assume that D(z) =
1. Therefore, we have independence of marginal maxima in the limit if the
underlying df H does not depend on the sample size n. Including a df F and
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depending on the sample size n we assume that the spectral density satisfies the
condition

hβ (n),z

( c
n

)
= zF

(
Bβ (n)

( c
n

)
Â(z)

)
+(1− z)F

(
Bβ (n)

( c
n

)
Â(1− z)

)
+o(1) (3.71)

where the Bβ (n) are regularly or slowly varying functions depending on some
parameter β (n). In addition, let

Bβ (n)(c/n)→ λ , n→ ∞. (3.72)

Under these conditions one gets limiting distributions of maxima within the
triangular scheme of the form

G(x,y) = exp
(

xF
(

λ Â
(

x
x+ y

))
+ yF

(
λ Â
(

y
x+ y

)))
. (3.73)

We mention two special cases for the link-function F .

1. Under the uniform df F(u) = 1+u on [−1,0] one essentially gets condi-
tion (3.70) with Â(z) = zA(z)+(1− z)A(1− z).

2. Let Hn be bivariate normal dfs with [−1,0]-uniform margins and corre-
lation coefficients ρn such that

(1−ρn) log(n)→ λ
2 ∈ [0,∞], n→ ∞. (3.74)

In that case we have F = Φ—the standard normal df. In (3.73) one gets
Hüsler-Reiss distributions, cf. [4]. If λ = ∞ then G(x,y) = exp(x + y)
and the marginal maxima are asymptotically independent.

According to the preceding remark we know that bivariate normal dfs with
ρn = ρ being fixed or ρn ↑ 1 sufficiently slow, the residual dependence of
marginal maxima is not captured by a limiting df. Yet, this can be achieved
by using asymptotic expansions of length 2 where the first term is the limiting
df G(x,y) = exp(x + y) and the second term, representing the residual depen-
dence, goes to zero as n→ ∞.

We indicate the normal case. Let again Hn be the bivariate normal df with
[−1,0]-uniform margins as specified above. Assume that

(1−ρn) log(n)→ ∞, n→ ∞. (3.75)

From the preceding remark we know that we have asymptotic independence of
the marginal maxima. One gets the following asymptotic expansion of lenght
2:

Hn
n (x/n,y/n) = exp

(
x+ y+α(ρn,n)(xy)

1
1+ρn

)
(1+o(α(ρn,n))) (3.76)
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where

α(ρ,n) =
(1+ρ)

3
2

n
1−ρ

1+ρ (1−ρ)
1
2 (4π logn)

ρ

1+ρ

.

We remark that condition (3.75) guarantees that α(ρn,n)→ 0, n→∞. The ex-
pansion in (3.76) is a modification and extension of results in [6] and [5]. Im-
posing a condition on the spectral density that corresponds to condition (3.70),
one may deduce a general result on asymptotic expansions of marginal maxima
which includes the preceding result as a special case.
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Semi-parametric modelling of excesses above high
multivariate thresholds with censored data20
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Abstract: Data censoring is a recurrent issue in the field of multivariate extremes.
Non concomitant extremes may be accounted for by censoring the likelihood. Also,
in environmental application with few data, e.g. in hydrological problems, the sample
size may be increased by taking into account historical or incomplete series with
censoring. A novel semi-parametric Bayesian inferential framework, designed for
handling censorship, is introduced. This involves adapting a Dirichlet mixture model
for the angular measure to the context of censored data and missing components. The
lack of analytic expression for the censored likelihood is treated by introducing a data
augmentation scheme, which avoids multivariate integration of the Poisson process
intensity over both the censored intervals and the failure region above threshold. The
Bayesian model is validated on simulated data and fitted to stream flow data, using a
reversible-jump algorithm.

Key words and phrases: Censored data, multivariate extremes, data augmentation,
Dirichlet mixture distributions, angular measure, reversible-jump algorithm.

1. Introduction
The need for larger sample sizes in the field of statistical hydrology pushes
towards using longer series, which often contain censored and missing data.
Moreover, in a multivariate extremes setting, a ‘censored likelihood’ approach
(Ledford and Tawn, 1996) allows to take into account observations which are
not concomitantly extreme. What motivated this work is a hydrological ap-
plication. The data set consists of daily water discharge at four neighbouring
stations in the region of the Gardons, southern France. In addition of recent

20Research partially supported by the EU-FP7 ACQWA Project (www.acqwa.ch), by the
PEPER-GIS project, by the ANR-MOPERA project, by the ANR-McSim project and by the
MIRACCLE-GICC project.
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systematic records, historical information is also available: unusually high wa-
ter levels appear in the archives, the earliest one being dated from 1604. Only
major floods are recorded, which results in interval- or right-censored data.
Uni-variate analysis of yearly maxima has been carried on by Neppel et al.,
2010. The main aim of estimating the dependence structure of extremes for
this data set is to produce correct confidence regions for marginal parameters
when using regional frequency analysis methods. The basic principle of the
latter consists in assuming that some parameters characterising the margins are
constant over a coherent region, in order to increase the sample size.
The family of admissible dependence structures is too large to be fully de-
scribed by any parametric model. This pleads in favour of non parametric
inference or of semi-parametric compromises with the use of mixture models,
built from a potentially infinite number of parametric components, such as the
Dirichlet mixture model (DM), first introduced by Boldi and Davison (2007)
and re-parametrised by Sabourin and Naveau (2013) to allow easier parameter
simulation and MCMC sampling of the posterior.

The aim of the present work is to allow joint estimation of marginal param-
eters and of the dependence structure of multivariate peaks-over-thresholds in a
Bayesian, semi-parametric context, when the data are partially censored. Sec-
tion 2 introduces the Poisson model for excesses and the main features of the
Dirichlet mixture model (DM). Inference with censored data is treated in Sec-
tion 3. The likelihood expression involves the integral of the limiting density
over rectangular regions. Instead of rectangular integration, a data augmenta-
tion scheme is used within a reversible-jump MCMC algorithm. The method
is validated by a simulation study. Section 4 concludes.

2. Poisson model with Dirichlet mixture angular
measure

Let (Yt)1≤t≤n be independent, identically distributed (i.i.d.) random vectors in
the positive orthant (R+)d , satisfying a multivariate maximum domain of at-
traction condition (MDOA). Under this assumption, weak convergence results
(de Haan and Ferreira, 2006, Resnick, 1987) legitimate the use of the following
multivariate extremes model. Consider a failure region Av = E \ [0,v], where
v j > 0 (1≤ j ≤ d) is a high threshold and E = [0,∞]d \{0}.

Marginal excesses are modelled with generalised Pareto distributions
(GPD), and one can use probability transformed variables X j,t which are unit-
Fréchet distributed. Introducing the Fréchet-rescaled multivariate threshold
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u = −1/ log(1− ζ ), where ζ is the vector of marginal probabilities of an ex-
cess, and the rescaled failure region Au,n = [0,∞]d \ [0, u1

n ]× ·· · × [0, ud
n ] , the

Poisson model is (see, e.g. Coles, 1991)

n

∑
t=1

1I( t
n , Xt

n )( ·)∼ PRM(Leb×λ ) on [0,1]×Au,n . (3.77)

Here, in polar coordinates for the L1 norm (R = ∑
d
1 X j, W = X/R), the exponent

measure λ is of the form dλ (r,w) = d
r2 dr dH(w) , where H is an angular

measure, i.e any probability measure on the simplex Sd = {(w1, . . . ,wd) : w j ≥
0 , ∑

d
j=1 w j = 1}, satisfying the moment constraint

∫
Sd

w j dH(w) = 1
d (1 ≤

j≤ d) . In this work, the angular measure H is modelled by a Dirichlet mixture
distribution which density is a finite, convex combination, with weights pm ≥
0,∑k

1 pm = 1, k ≥ 1, of Dirichlet densities

diriνm,µ · ,m(w) =
Γ(νm)

∏
d
j=1 Γ(νmµ j,m)

d

∏
j=1

wνmµ j,m−1
j (1≤ m≤ k).

Each Dirichlet density has a shape parameter νm > 0, and the location
parameter µ · ,m = (µ1,m, . . . ,µd,m) is a point on Sd , which is the centre of
mass of the distribution. The moments constraint is satisfied if and only if
∑

k
m=1 pmµ · ,m = (1/d, . . . ,1/d) , which, in geometric terms, means that the cen-

tre of mass of the µ · ,1:m’s, with weights p1:m, must lie at the centre of the
simplex.

3. Inference with censored data
The likelihood of the Poisson point process is needed to compute posterior dis-
tributions. This involves the density of the exponent measure λ , evaluated at
the data points, and exponential terms with the exponent measure of the failure
region. In presence of censorship, dλ

dx has to be integrated on the censoring
rectangular regions and additional exponential terms appear when the censor-
ing rectangles intersect the boundary of the failure region. Both terms can be
addressed with data augmentation methods (see e.g. Tanner and Wong, 1987).
Let [ · ] denote the distribution of random quantities as well as their density, and
θ ∈ Θ be the parameter for the Poisson model, including marginal and DM
parameters. O denote the observed data and Lv(O,θ) is the censored Poisson
likelihood. Thus, [θ ] is the prior density and [θ |O] ∝ [θ ]Lv(O,θ) is the pos-
terior. The main idea is to define an augmentation space Z , and a probability
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measure [ · |O]+, on the augmented space Θ×Z , conditional on the obser-
vations, which may be sampled using classical MCMC methods, and which
is consistent with the ‘objective’ on Θ. That is, the posterior on Θ must be
obtained by marginalisation of [ · |O]+,

[θ |O] =
∫
Z

[z,θ |O]+ dz .

The final algorithm is a combination of the above data augmentation
method and of the reversible-jump algorithm proposed by Sabourin and
Naveau (2013). The algorithm was modified to allow joint estimation of depen-
dence and marginal Pareto parameters. The number k of mixture components
is random, with an upper bound set to 10. To check goodness of fit and conver-
gence, the model was fitted on a four-variate simulated data set, which distri-
bution belongs to the model, with marginal parameters and censoring pattern
closed to the ones observed on the stream flow data set. Stationarity tests (Hei-
delberger and Welch, 1983) and mixing tests (Gelman and Rubin, 1992) indi-
cate good convergence properties and the posterior predictive angular measure
is reasonably precise and accurate: figure 3.9 shows three bi-variate marginal
versions of it, together with the corresponding simulated pairs.
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Figure 3.9: Upper panel: Bi-variate angular predictive densities (thick black line) with poste-
rior credible sets (Gray regions) corresponding to the posterior 0.05−0.95 quantiles, together
with the true angular density (dashed line). Lower panel: corresponding simulated data after
censoring. White points, no censoring. Superimposed Gray rectangles (resp. segments), pairs
for which both coordinates (resp. one coordinate) are (is) censored. White striped rectangle,
region below the multivariate threshold v.
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4. Conclusion
A flexible semi-parametric Bayesian inferential scheme is proposed to estimate
the joint distribution of excesses above multivariate high thresholds, when the
data are censored. A simulation example is designed on the same pattern as
a real case borrowed from hydrology. Although the tuning of the MCMC
algorithm requires some care, taking into account all kinds of observations
for various censoring bounds allows to obtain satisfying estimates, despite the
loss of information relative to the angular structure induced by the censoring
process.

The main methodological novelty consists in taking advantage of the con-
ditioning and marginalising properties of the Dirichlet distributions, in order to
simulate augmentation data which ‘replace’ the missing ones.
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A Conditional Limit Theorem for Polar
Distributions with Dependent Components
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Abstract: The conditional extreme-value (CEV) model – proposed by Heffernan and
Resnick (2007) – offers an effective approach for studying the asymptotics of random
vectors (X ,Y ). The aim is to deduce limit theorems on conditional probabilities for
(X ,Y ) given that X becomes large.
Polar – in particular elliptical – distributions have been investigated according to the
CEV approach. Thereby the components R and T for random vectors (X ,Y ) with
a polar representation R · (u(T ),v(T )) were generally assumed to be stochastically
independent.
Generalizing a method of Fougères and Soulier (2010), we investigate how far we can
weaken the assumption that the radial component R and the angular component T are
independent.
We apply our results to scatterplots and interpret our methods geometrically in terms
of the level curves of the common density for (X ,Y ).

Key words and phrases: Conditional extreme value model, Distributions with polar
representation, Elliptical distributions, Regular variation.
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Abstract: The paper presents a new methodological approach that allows to use
MLE in GPD. This methodology solves the misspecification problem, it is based on
a detailed theoretical study of the GPD submodels with compact support and a new
algorithm for the MLE, in six lines of code, fast to compute and very stable.
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1. Introduction
The Generalized Pareto distribution (GPD) named by Pickands (1975) [8] is
a two-parameter family of distribution with cumulative distribution function
given by

F(x; k, ψ) = 1− (1− kx/ψ)1/k (3.78)

where ψ > 0 and k are the scale and shape parameters, respectively. For k > 0
the range of x is 0 < x < ψ/k and x > 0 for k < 0. The results of Balkema and
DeHaan (1974) and Pickands (1975) [8] have made the GPD widely used in
the extreme values theory as a model for the tails, see Finkenstadt and Rootzén
(2003) [5]. Summarizing, a probability density function has a class of tail-
distribution in the GPD family. Several authors have highlighted the estimation
problems that arise in this distribution, see Zhang and Stephens (2009) [10].
Currently, together with the maximum likelihood method (MLE), the method
proposed by Zhang and Stephens (2009) improved by Zhang (2010), ZSE, and
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Song and Song (2012) [9], SSE, are the best alternatives. The motivation for
this work lies in the fact that, despite its weaknesses, we need the MLE in
many inference procedures. A summary of the theoretical results for MLE on
the GPD can be found in Davison and Smith (1990) [4]. We propose a fast
simple and stable algorithm, which always provides a MLE. This algorithm is
compared with ZSE and SSE in terms of efficiency and bias, none of them is
definitely better. According to the behavior of the probability density functions
of the GPD we can distinguish three submodels, A, B and C, separate for the
exponential distribution (k = 0) and uniform distribution (k = 1). The model
A corresponds to the submodel of GPD for k < 0, the model B for k ∈ [0,1] and
the model C for k > 1. The study highlights the problem of misspecification
of the submodel. Running a simulation from one of the three submodels of
GPD, the estimated parameters can easily belong to another, as shown in Table
3.1 The main conclusion in Table 3.1 is that no method is ready to ensure the
correct classification between these different three models A, B and C, then the
estimation of parameters should be made subsequently to the choice of model
and even more if for small samples, see details in Section 4. Theorem 3.9, we
prove that a global MLE exist for the submodel 0 ≤ k ≤ 1. The result shows
the relevance of this submodel in the study of the light tailed distributions. In
Section 4, numerical and analytical results of the previous sections allow us to
suggest a new methodology. The methodology is applied to two controversial
examples extensively studied in the literature.

Table 3.2: Percentages of the classification for each submodel for some sample size and
values of k. The bold values correspond to well classified categories.

A B C
k -0,1 0,1 0,9 1,1
n A B C A B C A B C A B C

ZSE
15 65.8 34.1 0.1 44.1 55.5 0.4 0.9 76.5 22.6 0.4 57.7 41.9

100 84.2 15.8 0.0 19.9 80.1 0.0 0.0 90.7 9.3 0.0 31.0 69.0
SSE
15 85.3 14.5 0.3 73.8 25.6 0.7 20.7 50.0 29.4 14.7 40.7 44.6

100 70.1 30.0 0.0 29.1 70.9 0.0 0.0 77.1 22.9 0.0 27.3 72.7
MLE

15 41.4 50.2 8.4 18.8 64.6 16.6 0.1 11,2 88.8 0.0 4.1 95.9
100 75.0 25.0 0.0 9.7 90.3 0.0 0.0 49.8 50.2 0.0 4.4 95.6
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Figure 3.10: The shadow graph consists to represent with gray scale the frequency observed
for each interval in the partition of the range of the parameter k, the x-axis represents the value
of the parameter with wick simulated and the y-axis the estimated value obtained with each of
the methods MLE, ZSE and SSE.

2. Computing the maximum likelihood estimator
To compute the MLE using the likelihood equations is not always possible. The
MLE as a solution of likelihood equations exists in large samples provided that
k < 1 and if k < 0.5 then the MLE is asymptotically normal and efficient, see
Davison and Smith (1990) [4]. However, the MLE exists as in Section 3 shows.
Even more, we propose a R code, see R Development Core Team (2010), as an
approximation algorithm to get an optimal value of the MLE from a numerical
point of view. Our estimation method is fast to compute, very stable, and does
not depend on initial values. Moreover, the simplicity of the code provides
clear solutions. For small sample size, the bias and efficiency of the current
methods: ZSE, SSE and MLE are illustrated in detail in the shadow graphs
in Figure 3.10. Moreover, we compared the computation times for the current
methods: ZSE, SSE and our own MLE algorithm and the MLE is the most fast
and efficient from computational time point of view.

3. On the existence of maximum likelihood estima-
tor
The new methodology consists in to choose the model previously (A, B or C)
and once choosen, the existence of MLE is not a problem, especially for a small
sample size. For k ≤ 0, the MLE exists and remark that the global maximum
holds in the interior of the domain of k if the empirical coefficient of variation
is greater than 1. If the empirical coefficient of variation is less than 1, then in
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k = 0 has a local maximum, see Castillo and Daoudi (2009) [1]. For 0≤ k≤ 1,
Choulakian and Stephens (2001) [3] shows that given k < 1 fixed, then the
MLE for the scale parameter exists and it is unique.

Theorem 3.9. Consider the model GPD for 0 ≤ k ≤ 1, then the global MLE
exists.

Finally, the MLE of the model GPD for k ∈ [1,∞) with k fixed is ψ̂ = kx(n),
where x(n) is the maximum of sample. That is a consequence of a solution of
the likelihood equations for GPD always satisfies k < 1. Hence, that is a non-
regular problem and conventional solutions exist, see Hall and Wang (2005)
[6] for methodology approach.

4. Methodological approach
The exponential tails represented in GPD model by k = 0 corresponds to the
tail of very known distributions as the normal distribution, gamma distribution,
see McNeil et al. (2005) [7]. Similarly, the uniform tails appear many more
times than expected. The uniform tail is difficult to identify just as with the
exponential tail. From practice point of view, we can see that the exponential
distribution (for k = 0) and the uniform distribution (for k = 1) are very at-
tractors and the wrong model selection leads to modelization with non-realistic
conclusions. We propose a new methodological approach that in particular and
especially for small samples, remark the importance to specify previously the
model. To illustrate the advantages of the new methodology, we will present a
real-world example originally analyzed in Castillo and Hadi (1997) [2], which
consists of the zero-crossing hourly mean periods (in seconds) of the sea waves
measured in the Bilbao bay, Spain. Following the new methodology to classify
the tail, the uniform distribution have to be considered the more realistic model
for the tail of data. A second example shows as the new methodology identifies
by exponential tail a data explored for many authors and known by Nidd data.
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1. Introduction
Global climate change is expected to increase both the frequency and intensity
of climate extremes, such as severe drought, heat waves and periods of heavy
rainfall, and there is an urgent need to understand their ecological consequences
(see e.g. [8]).

Within this talk we will concentrate on several methodological issues of
parametric models for EVT. Hill [7] derived a procedure of Pareto tail estima-
tion by the MLE. Later on, many authors tried to robustify the Hill estimator,
but they still rely on maximum likelihood, e.g. [5] has introduced a new lower
bound. However, the influence function of Hill estimator is slowly increasing,
but unbounded. Hill procedure is thus no robust and many authors tried to make
the original Hill robust (see [1] or [14]). In [3] a new method of score moment
estimators has been proposed. It appeared that these score moment estimators
are robust for a heavy tailed distributions (see [11]). For the case of Pareto dis-
tribution, the t-Hill estimator (see [4]) procedure based on the score moment
estimator has been investigated in [12] for optimal testing for normality against
Pareto tail. We will illustrate that t-Hill estimator is a ”naturally” robust, dis-
tribution sensitive heavy tail estimator and prove its weak consistency together
with its good small sample properties and some further structural properties
(see [2, 6, 10, 9]).

Theoretical aspects of the talks will be highlighted on two applications,
namely modelling of methane flux (see [9]) and snow extremes modelling (see
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[13]).
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Markov Chains
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Abstract: Extremes of stationary time series can exhibit cross–sectional and temporal
dependence. Such phenomenons can be fully characterized by the tail process [1].
This probabilistic concept is of high interest as it embeds all known extreme–value
asymptotics of multivariate time series. Our contribution is to develop suitable
statistical methodologies for tail processes that emerges from heavy–tailed Markov
chains. In particular we propose an estimator for the law of the spectral process, a
sequence–valued angular component of the tail process, and prove its asymptotic
normality. Moreover, we show how to exploit the time–change property of the tail
process in order to improve the performance of the estimator.
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Abstract: The main purpose of this paper is to study the sensitivity of the largest
spacing of a sample as a test statistic to detect serial dependence. The power of
the largest spacing is compared to some competitors on data from an autoregressive
model, from binomial model and moving-max model. Along the way, a surprising
connection to extreme values is discovered, namely, the likelihood-ratio test, which is
most powerful under the autoregressive model, is based on lower extremes.
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1. Introduction
Suppose we have a sample X1,X2, · · · ,Xn from some continuous distribution
function F0. Suppose further that F0 is the uniform distribution over the unit
interval [0,1] (if not, we replace the Xi by F0(Xi)). Under ideal conditions we
expect that the sample is an iid sample, but we suspect that the data at hand
exhibit some serial dependence and we want to put it under a statistical test.
Let Y1 ≤ Y2 ≤ ·· · ≤ Yn be the order statistics of {X1,X2, · · · ,Xn} and Y0,Yn+1
be given by 0, 1 respectively. Define the sample spacings Vi = Yi−Yi−1 (i =
1,2, · · · ,n + 1) and the largest spacing (LS) Vmax. Weiss (1960) showed that
for any fixed alternative to the null hypothesis H0 (iid-uniform), the test that
rejects H0 for large values of Vmax is consistent and admissible. Its sensitivity
to serial correlation was first noticed in Onn and Weissman (2011). While we
don’t expect Vmax to be most powerful against all possible alternatives, we still
want to study its relative performance in comparison to some often used tests.
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The most popular is the Kolmogorov-Smirnov (K-S) test. The latter measures
the largest vertical distance (between the empirical and uniform distributions),
while LS measures the largest horizontal distance. Another competitor is the
sample serial correlation (SSC) (applied to model (a)).

Our test data will be generated by four models.

(a) Autoregressive model:

Xi = ρXi−1 +(1−ρ)Ui (1≤ i≤ n, 0≤ ρ < 1),

where {Ui : i≥ 0} is a U [0,1]-iid sequence and X0 = U0 . In this setting,
the problem is to test

H0 : ρ = 0 vs. H1 : ρ > 0 .

(b) Binomial model:

Xi = BiXi−1 +(1−Bi)Ui (1≤ i≤ n, 0≤ p < 1),

where {Bi : i ≥ 1} is an iid-Bernoulli sequence with parameter p, inde-
pendent of the {Ui}-sequence. Here

H0 : p = 0 vs. H1 : p > 0 .

(c) Min-max model: Let ξ1,ξ2, . . . be iid β (1/2, 1) random variables and let

Xi = max{ξi,ξi+1}.

(d) Beta(γ, 1) model: Xi = U1/γ

i . Here

H0 : γ = 1 vs. H1 : γ > 1 .

Note, in models (a) and (b) we have dependence only under H1, while in model
(c) we have dependence by definition. In fact, the serial correlation in model (c)
is 3/7, a constant, while in models (a) and (b) it is ρ and p, respectively. In (b)
and (c), the data tend to cluster and the extremal indices are p and 1/2, respec-
tively. In models (a) and (d), under H1, the margins are no longer uniformly
distributed, while in (b) and (c) the margins are always uniform.
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2. Power comparisons
Beside the three tests based on LS, K-S and SSC, we introduce here the
likelihood-ratio test (LRT) for model (a). The joint density function of X =
(X1,X2, · · · ,Xn)

fX(x) = (1−ρ)−n
∏

n
i=1 I{ρxi−1 ≤ xi ≤ ρxi−1 +1−ρ}

= (1−ρ)−nI{ρ ≤min1≤i≤n min{ xi
xi−1

, 1−xi
1−xi−1

}}.

Note, the random variables

Ti = min
{

Xi

Xi−1
,

1−Xi

1−Xi−1

}
(1≤ i≤ n)

are iid U [ρ,1], the likelihood function is given by

L(ρ) = (1−ρ)−nI{ρ ≤ Tmin} (0≤ ρ ≤ 1),

Tmin, the minimum of an iid-sample, is a sufficient statistic for ρ and is also
the maximum likelihood estimator for ρ . Clearly, a most powerful α-level test
rejects H0 when Tmin > cα = 1−α1/n.
Needless to say, if one knows his data come from an autoregressive model (a),
one should use the LRT. However, in practice, we don’t always know what is
the exact model and we may consider some other tests. For the comparison
of powers we generated 105 samples of size n for each selected pair ρ and n.
The (empirical) power is the proportion of samples for which H0 is rejected (at
the α = .05 level). As seen in Figure 3.11, the LRT is most powerful. Then,
for small values of n, the order in power is SSC, LS and K-S. As n increases,
beyond 200, say, the superiority of LS becomes more and more apparent and
in fact its power approaches the power of the LRT.

For models (b) and (c), we compared LS with K-S only. Here the superior-
ity of LS is apparent for all n. It turns out that K-S is not consistent for these
models (details in the full paper Weissman (2011)).

Under departure from uniformity, preserving the independence, K-S is su-
perior to LS. Based on samples from model (d), the power of K-S test is very
close to the power of the most powerful test, far above the power of LS (see
Weissman (2011)).
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Figure 3.11: Power Functions, LRT - dotdash, LST - solid, KST - dashed , SSC -
dotted.
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3. Conclusion
The largest spacing is more sensitive to dependence while the Kolmogorov-
Smirnov distance is more sensitive to departure from the null distribution. Of
course, this is not a theorem, but rather based on evidence from some simple
cases.
It should be emphasized, whenever there exists a most powerful test, that one
should be used. The largest spacing test is recommended when one wants to
detect dependence and a specific model is not assumed.
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Laboratoire d’Analyse et de Mathématiques Appliquées (CNRS UMR 8050), Univer-
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Abstract: This paper presents new approaches for the estimation of the extreme value
index in the framework of randomly censored (from the right) samples, based on
the ideas of Kaplan-Meier integration and the synthetic data approach of S.Leurgans
(1987). These ideas are developed here in the heavy tail case and for the adaptation
of the Hill estimator, for which the consistency is proved under first order conditions.
Simulations show good performance of the two approaches, with respect to the only
existing adaptation of the Hill estimator in this context.
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1. Introduction
A distribution function (d.f.) F is said to be in the maximum domain of attrac-
tion of Hγ (noted F ∈ D(Hγ)) if there exist two normalizing sequences an > 0
and bn such that (for every x ∈ R)

Fn(anx+bn)
n→∞−→ Hγ(x),

with

Hγ(x) :=

{
exp
(
−(1+ γx)−1/γ

)
for γ 6= 0 and 1+ γx > 0

exp(−exp(−x)) for γ = 0 and x ∈ R ,
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If we observe a sample (Xi)i≤n with common distribution function F ∈
D(HγX ), with γX > 0, a classical estimator of the extreme value index γX is the
so called Hill estimator.

However, in a certain number of applications such as survival analysis, re-
liability theory, insurance . . ., the variable of interest X is not necessarily avail-
able. This is the case in the presence of random right censoring. The usual
way to model this situation is to introduce a random variable Y , independent
of X , such that only Z = X ∧Y and δ = IX≤Y are observed. The observed
variable δ determines whether X has been censored or not. It is common sense
that any classical estimator of the extreme value index (such as the Hill) is not
consistent for estimating γX if it is naively computed from the Z-sample.

Recently, [1] and [3] proposed an adaptation of classical extreme value
index estimators in the case of right random censoring, therefore providing (to
the best of our knowledge) the first methodological papers on this subject.

In this paper, we propose two different approaches to deal with the estima-
tion of γX , relying on more natural heuristics in this randomly censored sample
framework. We will restrict ourselves to the application of these approaches
to the adaptation of the Hill estimator, in the heavy tailed case, and to the con-
sistency of these adapted estimators. Intensive simulation study (not presented
here) shows good performances of our new estimators.

2. Methodology and Asymptotic results

2.1 The framework and a general existing methodology
We consider in this paper two independent i.i.d. non-negative samples (Xi)i≤n
and (Yi)i≤n with respective continuous distribution functions F and G. In the
context of randomly right censored observations, one actually only observes,
for i≤ n,

Zi = Xi∧Yi and δi = IXi≤Yi.

We denote by H the distribution function of the Z-sample, satisfying 1−
H = (1−F)(1−G) and by Z1,n ≤ ·· · ≤ Zn,n the associated order statistics.
δ1,n, . . . ,δn,n denote the δ ’s corresponding to Z1,n, . . . ,Zn,n, respectively.

If F and G are assumed to be in the maximum domains of attraction D(HγX )
and D(HγY ) respectively, where γX > 0 and γY > 0, then this implies that H ∈
D(Hγ), for some γ > 0.

The general existing method, appeared first in [1] and developed in [3], is
to consider any consistent estimator γ̂Z of the extremal index γ applied to the
Z-sample and divide it by the proportion p̂ of non-censored observations in the
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tail (i.e. in the kn largest observations of the Z-sample). That is, an adaptation
of an extreme value index estimator in the presence of random right censoring
is :

γ̂
c
X :=

γ̂Z

p̂
, where p̂ :=

1
kn

kn

∑
j=1

δn− j+1,n. (3.79)

It is proved in [3] that p̂ consistently estimates p := γY
γX+γY

and therefore γ̂c
X

consistently estimates γ/p = γX (obtaining as well the asymptotic normality, if
it holds for the sequence γ̂Z).

We will now present an alternative path for estimating the extreme value
index γX , based on ideas which are well-known in the survival analysis litera-
ture.

2.2 First approach

The starting point of the first new approach is the following well known re-
sult, which is the basis of censored regression methods (for instance, an early
reference is [4]) : if φ is some nonnegative real function,

E
[

δ

1−G(Z)
φ(Z)

]
= E[φ(X)] (3.80)

On the other hand, it is well known that (see Remark 1.2.3 in [2] for in-
stance)

lim
t→+∞

E [log(X/t) |X > t] = γX (3.81)

Let (kn) be a sequence of integers satisfying, as n tends to +∞,

kn→+∞ and kn = o(n) (3.82)

and define a random version φ̂n(x) of φ(x) = (P(X > t))−1 log(x/t)Ix>t , with
random threshold t = Zn−kn,n. Consequently, by combining (3.80) and (3.81)
with this function φ̂n, our first adaptation of the Hill estimator, valid for heavy-
tailed distributions, is

γ̂
KM
X ,Hill :=

1
n(1− F̂n(Zn−kn,n))

kn

∑
i=1

δn−i+1,n

1− Ĝn(Z−n−i+1,n)
log
(

Zn−i+1,n

Zn−kn,n

)
, (3.83)

where F̂n and Ĝn denote the Kaplan-Meier estimators of F and G, respectively.
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The following theorem provides the consistency of this estimator. For this
purpose, we need two additional assumptions on the behavior of the function
p◦H←, which are similar to those used in [3] : if p(z) := P(δ = 1|Z = z),

1√
kn

kn

∑
i=1

∣∣∣∣p(H←
(

1− i
n

))
− p
∣∣∣∣ P−→ c ∈ R (3.84)

√
kn sup

(s,t)∈Cn

|p(H←(t))− p(H←(s))| → 0, for all C > 0 (3.85)

where Cn = {(s, t) such that s < 1 , 1− kn/n≤ t < 1 , |t− s| ≤C
√

kn/n }.

Theorem 3.10. For distribution functions F and G such that 0 < γX < γY ,
under assumptions (3.82), (3.84), (3.85), if we additionally assume that, for
some δ > 0

− log(kn/n)
/

kn = O(n−δ ) (3.86)

then, γ̂KM
X ,Hill

P−→ γX , as n tends to +∞.

2.3 Second approach

Our second approach is based on ideas of [5], who developed a “synthetic data”
strategy in censored regression problems. The starting point of this second
approach is the following result :

if φ and ψ are two nonnegative R+→ R functions such that
∫ x

0 ψ(t)dt =
φ(x), then

E
[∫ Z

0

ψ(t)
1−G(t)

dt
]

= E[φ(X)]. (3.87)

Consequently, if φ(x) =
∫ x

0 ψ(z)dz, then 1
n ∑

n
i=1
∫ Zi

0
ψ(z)

1−Ĝn(z−)
dz should cor-

rectly estimate E[φ(x)]. This estimator can be rewritten using the special form
of function ψ and the piecewise constant form of the Kaplan-Meier estimator
Ĝn : noting Z0,n = 0, and rk(Zi) the (ascending order) rank of the observation
Zi in the Z-sample, we have indeed

∫ Zi

0

ψ(z)
1− Ĝn(z−)

dz =
rk(Zi)

∑
j=1

φ(Z j,n)−φ(Z j−1,n)
1− Ĝn(Z j−1,n)
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Considering, once again, the function φ̂n introduced previously, we can now
define our second new adaptation of the Hill estimator, which turns out to be,
after some simplifications,

γ̂
Leurg
X ,Hill =

1
n(1− F̂n(Zn−kn,n))

kn

∑
i=1

1
1− Ĝn(Z−n−i+1,n)

i log
(

Zn−i+1,n

Zn−i,n

)
. (3.88)

Theorem 3.11. For distribution functions F and G such that 0 < γX < γY ,
under assumptions (3.82) and (3.86), then, γ̂

Leurg
X ,Hill

P−→ γX , as n tends to +∞.
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